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. In  this, thesis m  attempt has %mn made to 
complete to- m.large extent one1© teowdedge o f the solutions 
of the lean  equation# . .A fter the formulation of: the 
equation and a discussion. o f the ewergemee of .the power 
series  solutions# a new notation  i s  intnoimeedt (Chapter I )• 
In Chapter I  in teg ra l representations of m e solutions of 
Ham*s equation are die cussed* Chapter ,| I s  concerned w ith ' 
ce rta in  o rthogom lltr properties# while Chapter b deals with' 
new non-linear In teg ra l equations s a tis f ie d  W  Heim functions 
and fetm poljraomials#' ' ■ In  Chapter 5 lumi*© equation I s  .■ 
discussed ms a.special, case of Heunfs equation# . fhe 
ohieetive o f th is  chapter Is  to co rrect the' statement th a t 
Xamd functions o f the second hind associated with the lame 
polpioiaials can he -expressed as a f in i te  se ries  of associated 
Legendre .functions of the second hind* tn  appendices A .and 
B the worh.of two previous investigations i s  summarised*.
■ffcs author wishes to express Ms thanfcs to 
Professor F,$fU A rseott fo r h is  encouragement and' 
valuable critic ism  during the preparation of th is  
thesis#
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6It"if trocht ct I CU
fha Wmh&im eftmiiom of th e . s©cesndorder . .. 
designated im. th is thesis &a the Seam Ofuaitem seems to . - 
appear f i r s t  Im isa tto a tica l lliam tu re  Im 1803 when Hem 
(&ef*l) stored that a second order I*uchaiim equation with 
'.fom rtgmiar stmgulasitiea can. he reduced to. ..the fora. .
d%  , f v ' .  j ^ ' v '  c I  dw t  _offcj |*  < « W  «$*. •<**»***«** I*********** } - -m sm m t * |*
sK L   -o- - * w * tT6*^  4 tr r t  I + T?t^4T™ rT w « o,C*^» . 1 3 ^ 0 - -  ^4k***JL >
olitalmed power scutes eolations of th is  egaatiom iralid 
In  the neighkmnhood o f  e&oh o f  the slm giilarltles and showed 
th a t I f  f  takas certa in  teharaoieristle*1 valuesf them...- 
solutions. cam he chtalmed which are p e d la r  mt t m  elmguXarltias, 
Such solutions are mew m m m m ^  ca lled  lfSem. temeitems*1* ,
Hem also  disoorered tw aatffo®  homegr&pliie .eiihstltutioms fo r 
th is  equation which are amalogoms t o : the aim sim ila r • .• 
in s t i tu t io n s  fo r  the hypergoowtrio With these ,.
substitu tions he discovered. &S power aeries so lu tions which 
correspond to  gh -series fo r  the h^pergoc^otrid.
efimtiom* ... Im fa c t there mm %S2 such aeries  a ltkcojh  only .. 
of them are .dteiim eir  (U®£*2$ $%%$)*. :
. One aspect of Investigations#, .which, seem
to  haw  a ttra c te d  l i t t l e  a tte n tio n  from la te r  woihers* i s  , 
hla attempt to  ehialm rela tions, between eeniigucms. solutions 
o f l!etmfs e u m tim  which correspond to .th e  teJuciim
?re la tio n s  fo r the hypergeometr ie  functions. fke re la tio n s  
s ta in e d  by lo rn  teem to  haw l i t t l e  application* since the 
accessory parameter# ■ must be re s tr ic te d  to  certa in  values*
A b r ie f  of th is  p a rt of Heim’s work i s  given in
Appendix B*
In 1914 Whittaker Clef# 3) conjectured th a t the 
Hem equation i s  the simplest equation of Pnohsien type 
whose solution cannot be represented by a contour in tegralf 
instead the nearest approach to  such a so lu tion  i s  to  find  a 
homogeneous, in teg ra l e tpation  s a tis f ie d  by a solution o f the 
d iffe re n tia l equation* in  the same year* having obtained 
homogeneous in teg ra l actuations s a tis f ie d  by periodic lame 
functions* Whittaker* by re s tr ic tin g  the parameters to ce rta in  
values* obtained homogeneous in teg ra l equations s a tis f ie d  by 
periodic solutions o f lean ’s equation* In Chapter 2 of th is  
th esis  we re  consider W hittaker1# conjecture and chow th a t in  
fa c t  solutions o f Ileum’s equation can be represented in  terms 
of contour integrals* sim ilar to  those o f Barnes fo r the 
hypergeometric equation* The Integrands of these in teg ra ls  
are o f a ra th e r complicated nature and cannot he said to  
involve known or simpler functions* although they do provide 
expressions fo r  the analy tic  continuation of Heun functions 
analogous to those fo r th e  hypergeometric functions*
In 19A* Hambe and Ward (Bef #4) considered
8polynomial solutions of Heun1 s equation and showed tha t such 
solutions sa tis fy  ce rta in  homogeneous in teg ra l equations#
By taking  p a rticu la r Tallies o f the parameters they wore able 
to  deduce In tegral equations sa tis f ie d  by polynomials which 
are solutions, of special or lim itin g  oases of Hernias equation# 
The scope of th is  wc&k o f Lambe and Ward seems to he’ ra th e r 
lim ited  in  tha t they only considered one p a rticu la r solution 
of the p a r t ia l  d if fe re n tia l equation s a tis f ie d  By the nucleus* 
lambe and Ward appear to  he the  f i r s t  to  consider the ordinary 
orthogonality of; Heun polynomials, . In Chapter 3 we extend 
th e ir  vrork and deduce the ordinary orthogonality of Heun 
functions and also , By .trea ting  the Heun polynomial, as a 
solution of an e ssen tia lly  two-parameter eigenvalue problem, 
we obtain a certa in  double orthogonality property* Br&elyi*
In l$h2p {Bef*5)| extended the.work o f lambe and Ward and 
obtained more general, nuclei fo r the in teg ra l equation* 
Including the most general nucleus fo r the equation - s a tis f ie d  
by Heun polynomials* , With -such nuclei * Er&elyi iras able to  
find in teg ra l equations sa tisfied , mot only by Heun polynomials* 
hut also Heim functions and even by, solutions of. Bern’s 
equation with a rb itra ry  values of the accessory parameter q .
In. -Chapter .2*. Section B* we. adapt...these in teg ra l equations 
In order to obtain  some further, in tegral, representations 
fo r solutions, of Heun1 a equation* .
9Bp- to ' th is time me only aeries solutions of 
leun^a equation considered .were power series* although in  
3,939 Svartholm : (Pef*6) had considered the solution of; Heun#s 
equation ...in. terms o f .l3^e?ge$®etrie -or Jacobi polynomials*
In  two papers imhXiShed in  19k2 and. Ifhh respectively*
'Epdllyi (Hef3*7#8) extended the worh of SvaytfiQlm and solved 
the Heun equation in  terms o f se ries  of hypergeometrio 
fractions* showing tha t the re su lts  o f Svartholm were a ■
p a rtic u la r  ease o f hie more general investigations*,. Because
 ^ ■' *- 1of the importance' of lrd 6 ly ifs worfe In th is  field* especially
when applied’ to  special or lim iting  oases o f Hem1 s..equation*
I t  seems appropriate to give a summary of the ah ore papers,
and th is  has Been ineluded as Appendix A* ' .
' Since X9hh# Haunts equation hue-.received l i t t l e
a tten tio n  and apart, from a discussion of the general, properties
o f power series solutions of Heunfs equation by Snow (Pef*9)
in  1952 and a general survey'of the knowledge, of Heun1©
equation ex isting  up to  1953 given in  Volume 111 of the
encyclopaedic wSigher transcendental functions,11 (Ref*2e) f
there appears to  he no fresh  contribution*
Nvasis :
“A primary consideration In th i s Awas the introduction 
of a new notation  fo r  solutions of Heua, s equation* ’ She 
reason fo r  th is  i s  two-fold) f i r s t l y ,  in  a l l  previous 
l i te r a tu re  the' symbol used could be confused with th a t now 
commonly employed to  denote' a generalised hyper geometric
1 0
function* Thus In  order to avoid th is  possible confusion 
a new symbol was needed* and secondly*" I t  was found 
necessary to  extend th is  symbol s lig h tly  in  order to' 
d istinguish c learly  between general solutions o f Heun1 a " 
eo la tion* Heun fm eilo m i' and Heun polynomials* This new 
notation Is  given a t  the end of Chapter 1*
hypergeometrie equation* i t  I s  reasonable to  suppose tha t 
many o f the re su lts  established fo r the hypergeometrlc ■ !
e l a t io n  would find  th e ir  .natural extension in  the theory 
of the Heun e la t io n * '; This has in  fa c t been the approach . j 
of many of the previous w rite rs  on th is  subject* especially  
Horn* Bmfortumateiy i t  has been found th a t th is  approach# J 
although applicable to  a ’ certa in  extent* soon leads to-"grave 
d ifficu lties# . The main d if f ic u lt ie s  are* f ir s t#  th e  presence 
of the a rb itra ry  accessory parameter f  and secondly the fa c t . j 
th a t the coeffic ien ts  in  a simple power se ries  solution*' and j  
indeed also  In the ease o f solutions i n ’se ries  "of hypergeometrls ! 
functions# "are "related by a three term recurrence relation* ’ : I
Having l i t t l e  knowledge of the exact so lu tion  of such a 
recurrence .relation# properties such m  analy tic  continuation* j
contiguous re la t io n s ' £which one would expect to  e x is t fo r  ■’ ■ j!
general'values of q) and integral, representations In terms
of simpler functions# have* so far* defied a ll,a ttem p ts  a t
Two malm'sources o f  ideas "ought now to M  mentioned# 
Because of the close analogy of Beunfs equation to the
discovery* The d if f ic u lty  of solving tnteb mmmrmm \
i * e l a . t i b a s  M s  M e n  o v e r c o m e  t o  a  c e r t a i n  e x t e n t  b y  t h e  ■ j
aathor la  Chapter 2 o f th is  thesis* where ana ly tic  m ln tlom  ; i
j
arc  obtained using the K ellln  transfer® method described • I
by (lief* 10} # The o tM r matiiral sourc# of ;
...
Ideas hat M en fa  m i la. the theory o f lama1 a equation#
. I
w h i c h  l a  i t s  a l g d i m i c  t & m  i s  m e r e l y  a  s p e c i a l  e a s e  o f  t h e  j 
lean  equation* This approach Ms. Mon ue~& by the m th o r I 
t #  o b t a i n  non^linoar i n t e g r a l  e q u a t i o n s  s a t i s f i e d  b y  s o l u t i o n s  I 
o f  F o u n 1 #  t q n s t i m *  T h e  p a r t i a l  d i f f e r e n t i a l  w h i c h  j
M s  t o  b e  s a t i s f i e d  b y  t h e  n u c l e u s  tom s o u t  t o  h a v e  t h e  I
. . •■•■ ■ - . ■;j
mmMmyin property th a t I f  the parameter y  takes the  value 
§* than th is  equation reduces to  Xgglaea1* equation and ;
so lu tions are obtained In  te rn s  o f spherical harmonies* |
Obviously# In  a th esis  o f th is  .nature' I t  i s  !
d if f ic u lt  to  d istingu ish  dearly the  o rig in a l parts# although I 
m ow  e f fo r t  km  been aads to  Indicate re liance  on provious 
work* Apart from ike sa in  sources of ideas mentioned above# 
Chapters 2# 3 (with f ie  eseeptlen o f  theorem 2 in  Section A)# 
h uni 5 are* to  the author% toodedge# a l l  original*- while 
Chapter 1 I s  preliminary and contains l i t t l e  th a t I s  new*
The plan o f  this th e s is  I s  as follows* ■ Chapter 1 
I t  introductory* showing the formulation o f the equation and
discussing the -ccnvcrgcnoe of the power se rie s  solution*
A new notation fo r  m ln tio m  o f  lem %  equatlorn i s ■:a ls o . . 
described* Chapter 2 i s  concerned with Integral:;:" 
represehtationsQf solutions of Heanfs equation* ; 'In Chapter ■ 
j  we generalise the ordinary orthogonality p roperties of 
Hem polynomials to  the ease o f Hern functions and also  
deduce a ce rta in  double orthogonality property* Chapter k  
deals with non-linear In teg ra l equations s a tis f ie d  by 
solutions o f Hem1!* equation* Chapters 2 and k  are* in  the
author is view* the most important fresh  contribution he the
•^ . . . .
subject here Made* . in  Chapter' 5 Lama#s equation, is  
discussed as a. special case o f Baimls equation# ’ The 
objective-of this, chapter i s  to  correct th e  statement th a t 
lam! functions o f the second kind# corresponding to the lam! 
polynomials, can be expanded. In m. f in i te  se ries  of associated 
M gendre'functions o f the. second kind*.
then th is  th e s is  was' almost complete# i t  was 
brought to  the author *s attention# via (Eef*11)» th a t ideas 
sim ilar to  those exploited In  Chapter 2 o f  th is  .thesis had. 
been used by Ford (Ref *12) when, he considered the asymptotic 
developments o f  functions defined by la c lau rin  Series*
A; s lig h tly  shortened version of Chapter 5 has been 
accepted'-fo r  publication In  the Proceedings o f the Cambridge 
Philosophical Society*
Chanter 1
A* fhe formulation of the conation
,A generalisation  of many of the specia l function© ■ 
of matliematical'piijslcs is  Hernia function (Ref*2c) which' 
s a t i s f ie s 'a  homogeneous lin e a r  d if fe re n tia l equation of the 
second order hawing' four 'regular singu larities*
I t  i s  w ell imo?m th a t since any Fucnsian equation 
of the second ■order w ith four- regular', s in g u la ritie s  preserves 
th is  character under any holographic transform ation o f - the 
independent ■ variable#- three .of the .s in g u la rities  - can h e : 
brought t o n  » 0* % and. Infin ity* and the fourth then he comes 
some f in i te  point z--m a (say)'Which does not coincide with 
any o f the o ther f in i te  singu la rities*  -; without lo ss  o f 
generality  we'can  specify Jaf > .!#■ The d if fe re n tia l  equation 
jtastf a & shown by Fuchs* be of ■ the 'form
w h e re  '' m : . . :
: , l**au*»/SL '.• . 1
* — a - a  + ; - ^ i  +
.and', - ' ■ ■ ' r.; \
:the constant being arbitrary# , . -fhe exponents are
1 4
% , 0O a t  a » 0 * '
^1 y. a t  a ® 1 ^
&.t 18 ** & *
.and, <^ js /Jj . a t  0 « »  %
;fher-ara- not a l l  assignable a rb i t r a r i ly  however* since-the
Eieaam nalation.
L^  + ^ “ * . -
mast be satisfied#
fhe equation (1*1) ts&ee the 'standard  fo ra  
when .0^  ** * Og *»■ 0# I f  no t In  th a t form* i t  becomes bo bjr
the transforms t l  on of the dependent variable
®r\ 's : "' ■ ■ ■ * %■ &£.**.% (z** 1) ' C^a) '■ j  * .... _. ■ (1*2)
fhe d iffe re n tia l equation fo r jr takes th e .form p /
fl2 i+( r # - .J L  + X W  ♦ J g f e f l k . ,  * o . . <i.3)
A t  ■«•»&/As s(s-*i)(s^a}
where • - 3 ■
*■ )  %  *' r  , j?  *  .** m ** a j  .#
. y » I  4 '** 0$ 9 ; I  « I  + ^ l d*: *
> p  < fe
- : . . p v . , ; . . .  .
Xvt  at .* 0 .**■..¥■**.■$ ~ e .« 0 : (l*3a)
, ^ :a 0 tn  % * '^ f ^ ( a * l )  *.(0^*l}n-*■ p%.~:i].;.+
: *  ^ g j  : * : * v :
0
The ©aponent© to  (1*3) are
' 0, 1 ■«*■ v# a t  a « o
0* X **' ^p a t  s  ?& X
0, X **- $$ a t  % m %
and &$'& ' a t  %■&.#*■*
Equation (1*3) i s  called  Heim’s equation and can be 
symbolised by the usual Blemannian scheme
'  " 0 X. , - a , . ;
0 ; 0 O' a. .8! 1 (l<
X ^f ■ :. X-*#.,. ■., X**#c‘ fi -
; Heim’s equation i s  of considerable th eo re tica l 
In te re s t, as i t  I s  the-sim plest equation , of Fuchsian type 
fo r which the co e ffic ien ts  are not uniquely determined by 
the s in g u la ritie s  and the 'associa ted  exponents * In  fa c t In  
Heun1'© equation there is  the accessory parameter q which is  
quite a rb itra ry  from. the point o f view of the scheme (l*h)> 
From 'the p rac tica l point of yiew Heim’s " equation i s  o f  ; 
in te re s t  because many betier* taoxm d if fe re n tia l  equations •" 
are special o r lim iting  cases ■** fo r instance the : 
hypergeometrici laml and Mathieu d iffe ren tia l, equations*
I t  can be shorn,. (Ref*1), in  a manner e n tire ly
sim ilar to the corresponding analysis of the solutions of ■ 
the hypergeometrie equation* th a t i f  y(z) he th a t solution 
a t  (1*3) which I s  analy tic  a t  the orig in  mM  aqml. to  uni tar 
there* then any'other, so lu tion  of - (1*3) am  he -expressed 
simply in  terms of functions sim ilar to y(s)» -. I t  must-he 
noted-that ce rta in  exceptional cases may occur* For ■ 
instance the parameters In (1*3) maybe such as to-give r is e  
to solutions which involve logarithmic singu larities#  Such 
so lu tions.w ill not he discussed in  th is  -thesis* : : Clearly 
y (»)..■ can he -expanded, in  the fo ra  o f a series- w alid-at le a s t, 
in  :\z\ < ;
■ m
> (a )  «" V  &a (g.)zn ♦ ( i
' &aQ'
Substituting (!*§} in to  f 1*3}'and equating the'powers of 
a. to  sero leads to-’ the following' recurrence re la tio n s  for 
the € (^<3.)* 5
■ ;■;-■■ =' y - - ■ , - ...... . .v - ■' .
aCn^lJCn+rJ^pCf) r .In2C i4 a )^ n |a C y t^ l)^ + c ^ lK ^ 3 0 J|<t) t  ■
•f* (n-f <r~l) (n-ffl—1) (0.) ** $ $■ n ^ 1 * (1
Taa condition th a t y(s) be . unity  a t the orig in  re Quires 
th a t ^ C t l  ** 1 * Clearly $a f t)  i s  a Polynomial of degree 
n  i n  Q. f .  ■ ■ : :
17
Bxffls (1.6) we have
as ,  (a)  -  G l q )  ♦ \ v‘n s + lw  ■ (n+l ) (n+y) - " »V
* ■ W r ^ f a l  " 0 - (1,6a)
and as &.«♦.#* the coeffic ien ts  o f  ^Co.) # (l*a)# ~1
respectively*
V perron* $ ru le  {te#*.13* vol*2f §20} shows th a t inT- 
gen era l■the radius of convergence of the se rie s  (1*5) i s  
, l / j t | | .  where t  is  that- roo t o f the quadratic equation
a t2 * (l*a)fc + l : m 0 * (1»7>
which has the la rg e r modulus* Since we .have assumed 
th a t ja |>J* then in  general (1*5) onljr converges within 
the c irc le  d|g:j ** l i  (Snow (Kef*9) has shown tha t i f  .. ■
■> 0 then (1*5) converges also  a t s « .!)*
However*' as' w ill "foe seen* i f  a c e r ta in  character is  t i c  ■
■ e la tio n  is  sa tisfied#  then the se rie s  converges idllddtli.hl®-:' 
the la rg e r c irc le  faj * : ■ I f  a fu rth e r .condition’ i s  h i - ■
ap p lied 'to  the equation, (1*9) then, the seizes term inates and .
'we ohtain  polynomial solutions which, are v a lid  in  the whole ■
:o f .the f in i t e  s^plane* .
Be..: ■•Convergence o f ..the Series Solution 
Writing ■
v f t.  ; ; "■ "■;;; e'
Js^ . e* —(n+a—1) (n+;5—l)  f n a —[n (x+a5+n.(a(v+<5'—l)+(y+e—1)1 +
vxi+l * a Cn+lKn+l)
then the re la tio n s (1,6) may he w ritten  as
*  VA  0
~ + + vn+l6n + l ^  113 0 * n > 1 * U*j
We HOW l«rfc Gn(q) a Vn_iGn_x^5 '
and obtain
r v  \
t 1" 1  “  ^
and by repeated application-wo are lead to  the in f in ite  
continued frac tio n  . ,
. ** , .. -. T1 - 1 --/v. V » ***■**»«***. n > X-* \x*p.;.-
h - i  ^  $*m l +
Since faj » X then* (tef*:lB wol 2 §W) th is  cen tim e! 
frac tio n  I s  convergent and /
■ ■ * V a  :* ■ '
. Jlh t^sa. ;' ; ■
leixmer and Sehhfhe (Ee?*X2* §1*8 theorem it*} have shorn. '; 
th a t i f  the condition. ;-
^0 ^1^0 ** ^ (l#10)
Is  sa tis f ie d  .-then.:
■ ■ ' ■ ' ■ ■ l i m  M 4 )
Br>09 V i
2S5£
and the O^ vt) are uniquely determined by means of the 
given by Cl-# 9)* , f or  general, vainm  of %$' (1*10). i s  not 
satisfied , and as has already: been mentioned the se rie s  ■ 
(X*S) converges only fo r  | s |  < 1* When (1*10)
sa tis f ie d  (1*5) ©emerges w ithin the--'- .
'la rgest c irc le  [a) a |a |  * ;
■ Igu&ilon {1*10} Is  a transcendental 
'foalled the ch arac te ris tic  equation) fo r the determination 
o f the f fs * : to .e m e p tio ra l e a se h r is e s  when « O-fof: 
some p o sitiv e  in teger 3T| th a t I§ when-either a# fi m  both
f i n i t e : continued frac tio n  - and (l# lo ) Is  an algebraic ■• 
equation fo r  t* ' ■ ■ I f  (1*10) i s  sa t i  s fied  'in  - tlii s case theh:S
'% % (&  *•® J !Blm j fa )  88
f  h as 'flie ; se rie s  term inates and we’ ohtain 2? * 1-polynomial 
■ solutions of degree H of Heim*a equation, one fo r  each-\^^fe^
m l u e . :0 f  %w - \  -
0# v dotation  and D efinitions ■
(I)  fhe so lu tion  of the Heun equation which lu l;- 
ana ly tle  a t  the o rig in  and normalised so th a t i t  takes the'':':, 
iralua one there* M i l  he represented by ‘ ;
;% C a * % J « * A y * 0 s ) >  : v :  v C l*
Although in  a l l  previous works such solutions are 
represented h r  this.symbol-could he
confused. with th a t now commonly used .fa represent a  
generalised hrpergeometrie function*. Unless absolutely 
necessary the 'no ta tion  (1*11) 'w ill not be used* but the
more concise symbol ■ - ■
!!aCg|S)#:-; {l#
■ ike  usual definition* -(Eef*2o# §15*3)'.of a
.glirea aa th a t solution convergent in  a '7;/;^ 
region of th e . n **■ plane which.includes ■ a t  le a s t  two' - 
e ih g a la ritie s  o f  the Hem efuation# In  th is  th e s is  w  - a 
consider without loss of generality  le m  functions ■•■ 
contrergent in  a region containing the s in g u la r it ie s .-js *r-D#l* 
The analysis to  follow, may ha read ily  .adapted to  deal with 
.the other types of-Hem function* Thus the Hem function 
.discussed'in ’ th is  th esis  i s  defined as follows
. {11} I f  ■ in  addition to  the properties given . 
in. { i) | BW(d)s) is  - also  regu lar a t  1 * 1*0* when % i s  
one of th e ; solutions of the o h arac te ris tic  etuatiom (1*10), 
then' HuC^ia) becomes k  f,Heun function^# - and w ill  he 
represented hy
% ( V « )  = ; j l# l3 )
where (m m i s  a so lu tion  of. (1*10)
( i l l )  . I f  e ith e r  a* 0 m  hoth are negative 
integers* { ~u say)* t  i s ' a  so lution o f the now reduced 
equation (1*10) and the /p roperties in  ( i)  apply,.' then we 
oh ta in  n  * 1 nHeun polynomials11* i*e* one f o r  each value 
Of t* ■ Such.functions w ill-he rep resen ted 'by  ■
where ^  *****$&*■%)$ i s  a so lu tion  o f
{1*10}* Throughout th is  ' thesis* whenever Hern
polynomials are discussed*. we sha ll only consider* 
without lo ss  of generality* the ease where am  ~n, the
Introduction.
A ll  functions which a re .sp ec ia l or lim iting  oases 
o f 'lurpergeometrie functions* can be represented by In teg ra ls  
of known simpler functions#; These in teg ra ls  normally take,; 
the form -of those associated with B anners contour in teg ra ls  
or liemaim1!* contour in te g ra l (Ref * 15 * § §lh *5*6)* functions - 
which are special or lim itin g  cases of lean  functions* b u t . ■ 
s t i l l  re ta in  the a c c e sso r  parameter i* as in  lame , and ■ 
Mathieu function theory* do not a t f i r s t  s igh t appear to  be 
expressible in  terms of contour, integrals* I t  has in  fa c t 
been conjectured th a t no such .representations exist# and . 
th a t the nearest approach to  a re la tio n  of th is ' type would, 
be a homogeneous in teg ra l equation* The main d if f ic u lty  
which a rise s  i s  th a t so f a r  aa Is  Imown* no form of the 
coeffic ien ts In (1*5); has been found in  terms of
known functions* except in  the very special cases where the 
recursion system sa tis f ie d  by the ^ ( f )  can be reduced to  a  
two-term relation* " However* the Mellln-Transform method 
described by Milne-Thomson (Ref .10,Ch.15) leads one to  
e g re s s  the Heun functions in  terms o f contour in teg ra ls  in  
which the integrand, contains the coeffic ien t: ^ ( f )  and ■ . 
where r  i s  no longer re s tr ic te d  to  in tegral.values* These
in teg ra ls  -are sim ilar - to those of Barnes fo r  the - 
liypergeometrie .funotion and ^ provide e g re ss io n s  fo r  the 
analy tic  continuation of Item  functions* although i t  must ■' 
be admitted th a t th e ir  p rac tica l value is  lim ited because 
of our lack of knowledge concerning the so lution of the ■■.-/■ 
recurrence re la tio n s  s a tis f ie d  by ;,
■ In. section A* su itab le  analy tic  solutions o f . the 
recurrence re la tions (1*6) a re  found and . these are- then - 
used; in  sections B* 0 -to. obtain a flBarnes type** in teg ra l 
representation and the analy tic  continuation o f the Heun. 
function# - Section .D i s  concerned with adapting the 
in teg ra l s»0!dstionS';given.by,;Brdslyi’.(&ef«$) in  order to- ; 
obtain solutions of , Heun1 s aquation in  terms of in teg ra ls  
involving Heim1 s .functions * ;
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A* flie analy tic  solution of the recurrence ' rela tions
; lii tM© section we: seek a general solution. • o f I- . p;h :;- 
.the difference equation (1*6) where n  Is  mo longer ! 
re s tr ic te d  to In teg ra l mimes and i s  In  general complex* 
so we wri te 'a  for-n* - fhe method employed i s  that- 
described hy llXme^homsom {Kef*10fe iu l§ ) : and Is -“based on f . -
(Eef§lS) and lirfchoff C^f*X?)* H  ■ 
order to-teep tM 'an a ly s is  w ithin reasonable bounds.-we:: : 
sh a ll outline only the main steps o f the method*
' Write ( i t 6) in  the form.
a(s4!2} (s^'l*fy}0{s4>K}-^ | (l-^a) s (s^ l |^ [  (X4n)y4U(f4*c]| {s4-l)-i*o^i|tl{©‘fl}#'
*^.| s (©‘4*1^ 4’ S4»oyS|tf{s): s  0 * («£# l )
t #e* PgCsMs-fS) ^ P ^e^C s*!}  * Pe (e}tjf(a) * 0 (say)* " ' (2#la )
We.assume (2*1) has a-so lu tion  of the form
u(s) » J  t s“1vCt}at » (2. 2)
i  ■
where t . i s  a contour in  the complex t-planey to he chosen
appropriately# ■ -■■v.;? ■ . -v
.Putting ■ ■ . ■ >-.■ w .
$2 (I) ** ** ( l* a ) t <k3L.':*-..
! 0^{t). ** eyt^ {£l+a}y # &§■ * t j f  * (^1+af#) '.*. ■ ■;' ;■
%{})  * 00(1^ * ; ' .  (2*3)
.the equation, <P2 ( t )  « 0 i s  sa iled  the "ch arac te ris tic  
equation* and has roots m i» tg = 1/a* Oa substitu ting  
in  (2*1) fo r  U(s) the contour in teg ra l given by (2.2) the
l e f t  hand side of (2.1) becomes
' ' &
;«-i V ( - t ) r ^ ( t ) v ^ ( t ) d t  ♦ [1( 8, 1)].!' I ..
% . jp*0
where
S(Sft} y(t}tt^#*|(t} + * {2 *h )
shows that l|s* t}  m. 0 when t  » § prcnri&ed 
Be(s| > f* where 0 Is the largest root of WQ(s) » Q # 
i#0t # ** naxf '^ l i ­
l t  follows that C2*2)-provides d solution of 
tlie dlffe^enoe-equation I f  ir{i) Is a solution of the 
d iffe re n tia l e l a t io n .  ,
' t s0fi( t)  *&(*) f r *  # J t ) i f  * .0 i ..• . - (-2*5)
4t
and i f  the contour I  i s  so chosen th a t [ i U . t ) ^  vanishes 
identically.# ' fhe singular points o f the d if fe re n tia l
sanation (2*5) are t  ** O* I * l / a *  «*with exponents .
(0 |l-r3  ' reapactively# ■ In  the present ' 
analysis we are only concerned with the solutions o f (2#S) u 
will eh are yalid  in  the neighbourhood o f t  m 1$ 1 /a  and are - ,, .
associated with the e^onents. 1 -*• <f* 1 *►■£ respectively*
Thus the solution, v a lid  near % »  1* and haring the exponent 
1 -**- #* there, can he w ritten  as
rx(t)> t
where CO lifjC t) *
Jis# 0
$» regular a t  t  ** I*." S im ilarly -the solution v a lid  n e a r . iV.U 
% « 1/a# and having the exponent X *+ e* these, ean.be w ritten
as
V a ^ f o C t ) (2,7)
CO
n
i s  regular .at,. b. .« , l / a * r :
the  functions t * ^ r 2(t> : are made
single valued bar introducing a. out in: the t-plane along 
the re a l  ax is  from t  ® 0 to  in f  in i tv , and a fu rth e r cut 
from 0 through 1/a to  in fin ity*  (See figure  1*)
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Thus. I f  Ke(s~0) > 0|
are- solutions of. p?ovi&&& the loops l l f  $2 are dram;:;; 
to  include o n lj one ro o f  of the ch a rac te ris tic  equation 
l* e * tM  po in ts t  ss 1# f  .sst i/a#  i f  a i s  re a l 
then, i / a  l i e s  on the re a l ax is of the t-p lane and so l  2 
must hm defamed so th a t it,d o es  not enclose fixe point %■ & 1*
F* qlcVovu^
Pae4jr0^ a-1 Series ' Solutions
We tore* -from {2*0}*■ .
where w > 1* Then
Ux(s) * I  *
where "C is  a loop from the o rig in  round.a « 1*- ./The c irc le  
|s**l| « 1 In the s~plane transforms Into a loop in  the 
t-p lane# round t  « 1 enclosed h^ r two ra js  Inclined a t  an-' 
angle w/w* ■ ' Bj talcing w s a f f ie ie n t l j  large we .ensure th a t
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.t .»  -0*1 are;the.only . singular points of v^(t) in  on on C*
I t  fo llo w s  t h a t  f ^ s 3^ }  I s  r e g u la r  w i th in  and o n  •the  c i r c l e
:-1 a - l  1: *# 1, except" a t  z  ** 0* . We can  th e r e fo r e  f in d  an  ■:
expansion-. '
s f e ( 4
■: . iteO
w h ic h 'I s  co n v erg en t w i th in  th e  c i r c l e  j s ~ l  j » 1# so t h a t  'WV
©$ ■
% (s) ©.'J ;
0 : vv-\ vi^O-;
S ince 0  i s  i n t e r i o r  to  the . c i r o l e # , ^  can in t e g r a t e  t e r n ’ 
by  - t e n  and s in c e  a r g ( 2~ l)  = a t  th e  b e g in n in g  o f  th e  lo o p
t^Cs) « -J zs/ w“3-(i«s)3-~“ -“dz
11*0 C
wj&asf_
* : ; (2 .11)
where
^  Dn(2-<5'). . .  (l-cf+n)
%(%1*,‘^ ’) * 1 + 2^ '(s+2w»w#). *V(si+(l+n)w>W)
n » l '.
& ( $ )  b e in g  d eterm ined  up to  an  a r b i t r a r y  co n s tan t*. -JU ■ : ■ • - •:
-S im ila r ly *  by mahing th e  s u b s t i t u t i o n  
t  m |  Z ^ w |
and u s in g  th e  above method we f in d  a 'f a c t o r i a l "  s e r i e s '
2 9
fop U„(s) in  the fomd
V M  -  f f i ‘  ' (*A ) °8( l l ,W ) ' " 12.22)
° 2 W  m W .  r ( s y W - c )
where iigCs*l-*eJ & sim ilar form to I ^ C e * -. 'The ■; 
coeffic ien ts B . in  (2* XI) and lienee the ear responding 
coeffic ien ts  ' in  i '(£«3.2). are ■ found by su b stitu tin g  :
in  ( 2 * 1 )  and then employing the usual method 
of undetermined coefficients#
■- T m  s e r i e s  { 2 * 1 1 ) * ;  ( 2 * 1 2 ) .  a r e  s i n g l e  g a i n e d  
a n a l y t i c  f u n c t i o n s ,  c o n v e r g e n t  i n  t h e  r i g h t  h a l f  p l a n e  
d e f i n e d  b y  ..% & {& *$}■  >  0#.. ' ' I f  w e  w r i t e  ( 2 t l a )  i n  t h e  f o r m -
tf(e) * f = ^ [ l> 1(s)o(s+l} + P2 (b)u(s+2)] » (2.13)
then by repeated substitu tion  o f I f l f ^ ( s )  def in ed b y  
. {2#3l}*’ into, .the r ig h t hand side o f | 2 # 1 3 )  we obtain
single ralued and analy tic  so lu tio n s . convergent. fo r  
Be(s-d) < 0 |  except fo r  th© poles .
s  ’.#• s i  ^  •. ^  n.j. n  ■®f 0 ^ 1  ^ -2 $«# #«* * * {2*
"By considering the asymptotic p roperties o f the 
garaa 'fm ction  we easily  see’ tha t'
tJ^Ce) a 11b )?1(s) = 0
J B I~*c©
/  „ \  e~2
tL,(s) = a (~) [l+?72(s}]» 11m ??2(s) » 0,
V 7 |S|-+K)
' fhus there ex ists  a solution Oh {f} o f {2*1} ■o
which is  a lin ea r combination o f '^ ( s )  und tf2(s ) , say
;' 0^{tJ- w'Atr^a)’ ♦ B0g{«)* ■ (2*16)
In  general A* B are a rb itra ry  functions of s of period 
o n e h u t  fo r  our purposes we take the® to he constants#
We regul3?e .§g( t)  to coincide with ®n(<3.) .(1*5)"when .
■s *#.»* us* ®|Xt2#******* and to  vanish Iden tica lly  when 
0 2s «*a* . fhus we have the boundary conditions 
1 m Jm^Q) + BU2(0)
! o m M 2(<* 1) ; {2*17)
(0^(0) t U2(o) found using. (2*13)> and on using Casorati*s 
determ inant■ (Bef*l®ir p*4S8) we fin d  th a t
. . . .  A - i )  H r )M ‘
A S3 .*"? 7*i ( ^ ^  * 0 3= TrrrTKTTRTToT * v2#18/
flea rly#  the 'condition th a t  A in  {2*18} should vanish can 
■be; id e n tif ie d  with' the condition { l* lo )| th a t i s  $ the 
equation U2( - l)  -  0 i s  e ^ iv a le n t to the cha^etsp lsW e 
e la t io n .  '{1 *16}«" " therefor4© : ' : ■" ■' ■'
> M q) = [ tJ2 ^ V s * “ V " 1^ 85] ’ *2,19*
which;when considered as a function o f the complex ■
■Variahle s i s  single valued and analy tle th raughou t the ; 
region He(s-*0) > ®*rand when, extended to  the l e f t  of th is  .^;h%.,;..
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region fcy means of (2#X3) has the same properties except ■ 
a t  the poles (£.»lh)» ■
B^ r w t t in g 1
trx €sj S* CS^ Cs) , Ug(s) = a~SG2( s ) ,  (2 ,20)
{1.5} may fee ted tten  as
4S0 tSj
- r (v )M - i)  r ; v t & r W % ^ 5  V« 2--------- > G .f^ z + /_^2 *7
11-0 (2, 21)
In the case of the Heim function HuCc^jz) we hawe
' CO
. r£y)u, (»l) V 1
M v z) * . T O O T H S  L ® 2^ (z/a) * (2*22)
®* - An Integral. Representation fo r the Bern function* ' ■'
Consider
1H  /  - ‘- 3 T S -  a “ • : (2-25)
"*i c* .
where ( - s /a ) s I s  rendered single valued hjr th e -re s tr ic tio n  
■ jarg (■*?/») { <w #, and the path' of In tegration  i s  each th a t ; 
the poles (2*Xh) of 0^{s} l i e  to  the l e f t  o f the path* an&t/t:';- 
the seros o f s in  mr l i e  to the r ig h t o f  the path# " C learly 
as |s j^ c c  on" the contour * the integrand is  a single iralued-.' 
and analy tic  function of % throughout the domain 
3 3 r * ’ A * A > 0 j t
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Consider1 the in teg ra l
1  f  G p ( s ) ( ~ z / a )    .n„H.nn,.. .,--- -2u% J mn & w 
C '
da* (2, 2h)
SIS S f
: where .0 is  a sem i-circle of radius 11 4* -J to  the r ig h t of • ,
i^the-iiaagimrsr axis..with- centre a t  the origin*, and M is  
an integer*-."
, . ' How* using egnation (2*15) we see th a t as Hh^w
/w v e —2 t / \ b 'sfJ L y  " t-g /a ) |
\  W/  • s in  s w j
constant implied in  the 0 symbol being independent o f 
'hrg. .# when 3 in  on the semi-eireXej '.and i f  e ■«* 
and ■}n/aj ’ < ’1# than
(~ s/a)scosee s f « Of cos $ log -Cf4|)si.n & a rg ^ ™ ^  —
' 0|a3qpCCi4|-)cQsdiQg j |  Ci4|>’"njsin #J31» 
Hence i f  \ z / i \  < 1* than log j$ /a j i s  negative and the. ■
in teg ra l tends to zero & ufficiently rap id ly  (when -w/2  ^ Q < w/2)
:..to ensure th a t -
f G2(sK-s/& y
J “ s in  s '^  ^
0 -.
ds-*4 0 as If*** go *
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Consider the closed contour r. We have, omitting the 
integrand
—1  ( l l + g )  " io o  - i c
h i  " h i  " I
t oo
S -  p l a n e
V **i«0
m Bid > residues in  r.#
Mm as I  «r»|. the f i r s t  three in teg ra ls  on the r ig h t hand; 
aide o f.th e  ahoire expression tend ,to  aero when |a rg (-x /a )j 
and fs /a j < 1  and so
*'lm  <U s)(*Z/ a ) s1
2tA / i^VrffiirriT-iiiwWTfriiiirrrirt'riiTi-fnnVTTh f?S S#, s in  $ w ", Bwt, J , s in  s ir
ieo
/ ds
as l i i
f~*s» residues in  f
®h@ sum of the residues in  r  as
($**& )& - ( b )  ( « ' s / a ) 8CO
f
n«0
Urn
.©HflOt
*2
sin  "e '&
00
as ff Z j ^2(B)'(a/a) *
nssO
< ir
(2,25)
3k
aad therefore
-io° G„(s) (~ z /a )s
f  C-2(n )(Z/a )n „ § /  rg ~ L t  dS, (2,26)
gsG ' "
< r , jz /a | <
Hence.we 'Obtain, an in teg ra l representation of the Hetrn function 
in  the fo ra  .
4 ir (y )o t ( - i )  /•”  e2( 9) ( . s / a )   ^ /<s ^
HuCt^ls) * J Sin s r  ds (2,27)
**i©o
where' |a r g ( - * £ /a ) f i r a n i  |s / a |  < 1# •'
:■ I f ,  however# ja rg (-2i) J ) < w and | $ J, < 1, then hy a :y y;-' 
sim ilar analysis we can chow th a t
XoO . * , . «a
t '-  „ . , a  i f  &,(s)(*z5
V ©-.wz = 2 / " t v r r r * ds (2, 2s)■ /  f J s in  0 w
nssO -ie&>
flms on using (2*19) # (2 ,20), (2*26) and (2*28) we see th a t 
j , a s  defined hy (1*5) oan he represented as .....
i©$
i  i
'■ ■ ■ ■ ^  ®  ~
**!«*>
■where .|arg(*?8)| .< % Jarg{^js/a)J < wand |s |  < 1
s
1 f  Gs (a K ~ s r  . ■ .
2 /  1 s in  s ir" d s* ' ( 2 , 2 9 )
0* ffhe .analytic continuation of ..the. Heim function
In  order to  o b ta in : the analy tic  continuation of ■ 
the lean function fo r  jjg| > Ja| we need to find  the residues
of G, (^s) (**z/a)s/s ih  s if a t  tb*» roles (Z*%h) and a t the
poles s s» '**np! ti ***» *,.' * ■; Consider (2*.13)I In
terms o f the function. $g(s)g we have ■ .. ■
HgC )^ ** ■**- '
therefore
« * ( * ) . ( * * » } * .  t % < « } ^ 2 ( 6 + i H 3P2 ( $ ) 9 o ( » + 2 ) 3  s
' - s w ti*5JT5+^jain ss- v
.ffiraa the residtis a t  the pole ® »'-»'« i s  t*»
d " , <Ma)«»(«)(->)* j*™ lP,(»o)02(^«)*Pg<-«)0,<S^«)3
snr*a ' sin s w ... C ^a/siu  a  *r
*r#
.
In te n s  of the function C^Cs) defined by (2#20)# the r e s id u e  
of b w, a t ,u ■** *og. Is  l-*'
. ' : . n r i ^ m l s t  - v ' ' * "  .■ *■ ' 2  *  V - /  . .-■
(2#
Sho residue a t  the pole a « -3  I s  obtained sim ilarly* • .'ftie 
rosi& ues a t the remaining poles (2*14) are  found sim ilarly  , 
by repeated'application, of (2*13)* Since in  the ease of - 
To 21 tmm%imm il^(*l) » 0, then clearly Gg(**n) «* 0, 
n »■ 1,2,*****, M  thus the resM tm.mt the poles $ & «n are
aH. Boro*
/ s in  s wr ds
iwc r  Is  the closed contour if in  the figure-
S-plan&
St follows by analysis t sim ilar 
to, th a t employed in  section Bt .
/ © „(a)(-z/a)8 ' ‘2s in  S W ... ; "
as p -* iso#' provided f arg{~g/a) | < w> 
Js/u{; > 1 and' p W «» in ' such a way " th a t 
the lower bound of the distance of ■
Q from the poles o f the integrand 
iw.net sera# .V
-ip o
How symbolically#,
■’Is© ip
I *  I  *  I  * h  I  *
i J* . - ■ „ ’ loo ■ ■• P ’.fip  .
Thus as. p 03
led
00
»' ..residues .of the integrand, .within r .
On using (2*30) we get
3. CO
( s ) ( -z /a )s
ds . '*•
xco / ^
~ t
sin  s "«r
00
0 ^  [aP1(-a )02(l-*a)-fF;;5(-a}0p(2-a )]  (a /z)a
21 e
X |X+0(X/s5] .
A)x£k -ML la  p. (- ;g)G„(l - (3)+Pp(-/3)Gp (2-/9) ] (a/z)'5 X
a
Tims- the. Heun function E u ^ j s )  i s  expressible asym ptotically : ; 
as a lin ea r combination of the two solutions of Heun*© equation 
v a lid  in  the-- neighbourhood of % «*-«»« Therefore# in  the 
notation of (1*11) ’wm.have ■,
r(y)e^TOr.{ l-a )^  {-*1} / s \«
' '  (f)
—<*■) /  \  B^ —_[aP1 (-/3)G2(l-/S)+P2(-/3)©2(2-/3)] J x
(l~n}r (a) (^*«)a
fo r (ss| > fa|* Jarg(~s/a)| < w* '
' ' The asymptotic sign in  (2*31) can be replaced by 
an equality  sign i f  a cut is  "made along the lin e  arg s ~ arg a 
from i  » a to in fin ity*  ' Sim ilarly we can obtain the analy tic  
continuation of Hu(tf-s) fo r  |z |  > 1* I t  w ill be in  a sim ilar 
form to (2*31) except fo r an additional cut along the positive 
re a l axis from z m 1*
B* ’In tegral representations deduced from a certa in  " 
homogeneous ’ in teg ra l equation,
: In th is  section and In the remainder of th is  th e s is  
we shall often require the use o f the well-toown Pochhamser
loop contour 0 given l a  f ig u re  2 ,
B
—
f i d. 2
(O^Cg) are ta ten  to  toe any pain o f the points 0, 1» a :
while the  eoatcraf i s  aeformed i f  necessary in  order to  ;;;;;
exclude the th ird , fhe lin e s  A j6 0 to are supposed to 
coincide with the lin e  C^ CgV- i f  we consider (C^Gg) to  toe ,
the p a ir  (0,1) then c learly  the.value of the Heun function 
BhCa^js). a t  fCsay) returns to  the same value a f te r  toeing 
continued around C, In the case of Heun polynomials we may 
tahe (C, ,C2) to toe any of the pairs  of points (0*1}$' (Ot a)j 
(!»&)» For b rer i t ?  the peoMtmmmn loop contours surroimding 
the point $. (0*2) |  ^(0* a )f ' {l$h) w ill he B^mholized hy &q ;%f .
0^ ^ SM. 0^ ^ rospeotiro lr#  r
Srdoii'i {Eof#5) :a&4 laiii&e and Ward haw
;0onalderod ixitcgrai .equations s a tis f ie d  22f so lu tions ' o f ; 
Hern'S equation of. t i e  t o m  ;
c~l
/ $**1,( l - f )  E(z*t5y ( t)d t Co-.. %o \it/m 0 Jr
■flae moieus-f E(s*t} s a t is f ie s  tho p a r t ia l  d if fe re n tia l
equation' ' " ' ' ’
(11^  - -Kt )K(«|t} * 0 *
z S2 d#
and .the contour 0 in  (2*32) 4 * chosen so th a t the ^integmtad^ 
parts iraniel# I r d l l / i  oMained a wide se t of solutions of 
equation (2*33)t hy introducing the variables # and where
cos $ m (jjjjfy s * ain  d cos $ » i g«»a)Ct«»a)
s in  # s in  ^ * ;
Under the in s t i tu t io n s  (2*35)# equation (2*33) "becomes
♦
(2#35)
A
4- ( (l~2 y)tan d * £(dy<e*$)eot # j *0
/ f f X  *
#
» ’ Qtcot $ **■ {lw2e)tan 
We sh a ll follow I r d l l r i  in  choosing solutions of
(2*35)
(2,36) in. the fo ra  of a product of a function of 0 and
function of a typ ica l solution beings-
0 1- ; eo V ; . 0 ,1; ' ■ .... iso
0 a cos2e * P- 0 ...' 0 . cos^0
&**V ' -jr'-C'fCT ." 1-e ; 1**# (2*37)
where '-'Pj ] : is  the Hiemann symbol* r  Is  the a rb itra ry
separation constant and 09 # are given by* (2#35)* Brdelyi
then discussed the various nuclei su itab le  fo r the in te g ra l ' 
equations s a tis f ie d  %j Heun functions, and Heun polynomials*
fo r  Sem  polynomials a possible, set of nuclei i s  provided-'id 
c* ss. "n? j-* S“ ***' m .0 m. 0*1* * * * • * *n $ (2
.n being the degree of the Heun polynomial. considered*.
This follows from-the bilinear'development of the symmetric 
nucleus ,e£ an in teg ra l equation* (Eef*15*. §11*7)*..from • 
which- I f  follows tha t the nucleus (2*3?) must be a 
Polynomial* giving condition (2*38)* O'
In th a t which follows we sh a ll denote by 
EuCq^fs) the- so lution of the equation sa tis f ie d  by 
HuC^ls) which i s  Valid-in. the neighbourhood o f in f in ity  
and belongs .to the exponent **a or -^tlhere* -. Such a-., 
solution may. be obtained' by applying the transformation . 
b «• %/S to. IJeun’s equation and then obtaining a simple 
power s e r ie s . so lu tion  about S *»■ °* I f  EuC^js) Is  
normalised so th a t the coeffic ien t of the highest power 
of s. i s  unity  then* in  the n o ta tio n 'o f ( l* l l)  f we may 
w rite
: S u ( ^ '
V. or m $^%u(t/B0qmt 0 t 0 ^ f ^ t 0 f i ^ m ^ t f S l l / z ) (2* 
As jsj -ft KuC^is) behaves' as - |sj"*a or Jxj*^ 
according to- the branch chosen and therefore I t  Is  an ■ 
obvious step to take as a nucleus* those branches of 
the P-fonctions (2*37) which behave in  the same manner fo r 
Js| ***>.* A su itab le  nucleus I s  the function
( z t - a  ) ^ ^ -cn-a*^  «* <f~<r*a~y |  a+!-/9j ^ r ) x
0 ■ • 1 .’ ; 00
' . rt (s-a)(t~a)
0 0 - * * *  t r a i s i
X—e X**<f cr
or the cowespondlng nucleus with a replaced hjr jS. With
y-
as the function. the in teg ra lJ ty“1 ( l - t ) l5’~1 ( l - t /a 5 e"1K(z,t)Hu(gEl;t)d t  (2.M.)
- C .
represents a multiple* possibly sere* of KuCq^js), . 
provided the contour 0: i s  su itab ly  chosen* and z  is  such ,■ 
th a t the in te g ra l converges inside the contour of integration* - 
Denoting the in teg ra l (2*til) by y(s) and w riting ' ; 
Iieunf s equation in  terms of B we find  th a t 
iMz w
•  I  t7'1 (1 -1)^ ( l - t / a ) e_1Ku( 1 1) 1 Mt  *  a ^ J  K (z .t)d t,
C
on using (2*33)* How* a f te r  rearranging i t  i s  easily  
shorn th a t
f  hue
/  tV - l(1 - t )<r- 1 (1 - t /a )e- 1I!u(aa; t )  Mt [K (z ,t)ld t
0 . *
a j  a E u ^ l t )  ■^Ety ( l - t ) £r( l - t / a ) ff | | ] a t  . (2.1*2)
In tegrating  by parts* the r ig h t hand. side , o f (2*ii-2) becomes
 ^C|?
a t
#55
+ I  ty ~ 1  (i - t ) (5'~ 1  (l - t /a )e~h(Z, t ) [at - t®
' . -... .. *. C
since [St  -  a ^ ] m ( g ^ } 0  * O,* . -
■ I f  0 i s  chosen such th a t the ^integrated1* p a rts  vanish* , p,,-. 
then y(a) .s a t is f ie s  Heun#s equation and. i s  a constant 
multiple^ possibly gero* o f EiiCq^ix)* , Suppbse R@((?) ..> 0* 
Ee(e) > 0 and 0 i s  deformed to the s tra ig h t lin e  joining 1 
to  a then we must take \z \  > ja | * - I f  Ke(e- <T-2cr) < 0, or 
■O '< B e ( e 2r )  < 1* .so that. in  (2*h0) i s  absolutely
or conditionally convergent* respectively* a t  \z \ » Ja|* 
then the range of % can be extended to \ z \ & jaf *
Hence we have -
a
KuCg^ia) -  X J  t y~1( l - t ) tr"1( l - t / a ) e"1K(z,t)Hu(ga S t)a t,
; 1 .
provided the s ingu la rity  t  **, a /s  i s  l e f t  outside the 
contour and where K(s*t) i s  given, by-(2#1*0}# ■ In this* X 
i s  the-.characteristic  number dependent upon-q«';-
:;'We now turn to in teg ra l re la tio n s  fo r  the solu tion
k5
as Ku { | % y |  {iB. fsfc • • # * j> H4“X} ^  -Of the
equation s a tis f ie d  W the Hem polynomial.Hu
Here we again use the nucleus (2fh0) hut where r  takes 
the values J  -•* «f **■ m# . fhe nucleus then takes the form
n $*
a 1 '
o o
1-e  ' ■ 1~$
«*
i a n
(2 . 1&)
'She. nucleus with f3 replaced hy a merely gives an 
integral- equation sa tis f ie d  hy the p o l y n o m i a l . H u ■
i f  Be{<f) > 0# He(e) > 0 and 0 i s  the s tra ig h t lin e  Joining
1 to  &$. then provided | s | > Jaf or i f  Re(a*^X+2m) < 0 or .
0 . <: Ee(e+<T l^rf2m) < 1 so th a t z  can he extended to the range y
Ja b  we find  th a t v 
a
Ku^ , #  a% f t r_1 (1 -1)cf" 1  ( l - t / a  ) e-1K( z , t ) Hu (c^ t n ; t ) a t ,
' X ' (2. 14.5)
where K(ss*t) is  of the form (2*£i45 or i s  a lin e a r  
combination of such nucle i$' summed over .a* fhe re s tr ic tio n s  
on <f 1 e are  removed I f  we choose the contour C to he ■'
fhe simplest possible nucleus in  th is  case i s  given hy 
m ». 0* and the solution Is  re la ted  to
t.n i hy the in teg ra l
(1- t  ( l - t / a )6*1 X
0I*a
X ^ { /3 ,^ 1 - y j  (2.J+6)
By- a sim ilar analysis we can Obtain.-integral re la tio n s  
fo r  the solutions of Heun#s equation which are valid'- in  
the neighbourhood- of £'■■» l*a in  terms of leun functions or. , \ 
Hem; polynomials *-
An important specia l case i s  the in teg ra l 
representation  fo r the second solution' Ijj(s) of Iame#s 
equation when the f i r s t  solution is -a  lame polynomial Kttz)*
- a « $ « %{&+%) * *f »■ <? » € « i f  a ** k" 2 |  {2*4?}
and choose as nucleus the function '.
(a t-a )ra /3~m2F1(^+tn,/3+m+l-y;^+l-ai *
x >« <2»W5
For' baml-polynomial solutions of Mmm*& equation# n must 
be an Integer#' possibly Eero# thus a o r 0  i s  a negative 
in teger or aero# "' 0n using the su b stitu tio n s  (2#47)# the
.nucleus; (2*48) becomes ;
i.9  m. « m ; % i \
■ ($t-*k" } (z tk  ) . g ^ ^ n ^ m t^ n + a if lin + ji .
* k a t . .
: , x   ) , (2*49)
w T*)
In  the case o f Lam! functions we find  i t  convenient 
because of the re s tr ic tio n s  on n. to  replace m by m/2* . . ., 
With th is  substitu tio n i the nucleus {2*49} can be expressed 
in  terms of associated Legendre .functions o f the second /
kind#/and i s  a constant m ultiple of the function
r:;Q^{oos d)cos m ^ ;■ 7(2*50)
where
/  :2-. ',.2... •...2. (a-k"2)ft-k*2)V COS 9 «  i£ S t  t COS 0 »■ *
,J f  .we .take the branch of the P^fimeiion in  (2*44) which 
.belongs’to the exponent X~# a t  -hie s ingu la rity  1# then ■
Q,“ (ccs e)sin  is-another su itab le  nucleus. . Thus we
have . .■ \  . . • ■; "3 $:
*£(*) « X [  t^ ( l- t)* ^ (x - t lc 2)“^ ( c o s 0) f  s in  EI;I( t )a t .
: I  . . i  cos m0 . K
(2*51)
We now make a fu rther transformat ion# w riting
' '*.»■ mP’m'i % | : |2#52)
/and 'choose the 'loop contour O which does 'no t pass through 
any. of . the poles of mfi* - We fu rth e r se t JsnaJ > l / k f 
.then (2*§X) becomes' '
[  S  S I  * (2*53)
where - \ ■ . - * . 0 .'
2 4 ■ ■ to  a t o #  .000 0 «' *-m^u...r.nrnr--rnr*--—*-xnn. g-rir.1t-
k ^ C l^ s i r a s i r ^ }  T'
’ (2#-535 I s  the in teg ra l relaticm. In it ia l ly ' obtained fo r 
■ the -second solution of Lame1 s 'equation by .Arsoott (Ref*16)*
I f  we take m m 0* and choose a solution o f Lam!fs
equation  which i s  a polynomial o f the f i r s t  species
notation- i s ■ due to A rseott CBef*lff -§9*3#2)« '-- In  th is  
/ease' we'.choo0o;vthe m elons as : ;
' and here B.e(S) > 0  ^ Ee(e) - »•• 0 and Re(e+<f~l) « Of so ' we 
ean rep laee  the eontour 0 hy the s tra ig h t l i n e .
■ Under the transformation (2*52) th is  becomes 
/ th e  s tra ig h t lin e  in-the mmplez a^plane-f running toruE 
-vto K * 'iE*v:' : The ftmeMon u S^C a): ean than he expressed,; 
■ in  terms of hy -the in teg ra l re la tion . ' "■
denoting i t  by then, n must he. eren » 21 say# This
fo r  | sna| > j~: § which i s  in  f u l l  '.agreement with the 
oorresponding re su lt obtained by Arscott* .
( 2*
k l
Chatstef 3mnn>#iw
..fte. Orthogonal T ro m rtim  @f M&xm Functions
: fhe. ordinary orthogonal properties of -Seim 
polynomials have been studied by and Ward (Ref*4)f -
and the com?e spending properties fo r Heim functions have ■ 
been given by Erdelyi (Ref*8) who: used the expansions in  . 
©eriea o f hypergeometrie functions*' In  th is  ©Hapten we ■-,■ 
generalise the work of lambe and Wart to  the ease o f Heim-- 
functions and. deduce the ordinary orthogonality properties 
d irectly ' from Haunts equation* . .for the sake o f completeness 
we sh a ll incorporate the re su lts  o f Xamhe and Ward w ithin 
th e . structu re  o f our - own generalisations * Section A deals ,
w ith -certa in  interesting- theorems concerning the ortho­
gonality of the coeffic ien ts  i^Ct) o f the se ries  (1*5) and - 
In. Section B- we discuss the ordinary orthogonality 
p roperties o f Heun functions and Bean polynomials*' In  the 
case Of Bean polynomials we also  deduce a certa in  double 
orthogonality property*
A*' fhe orthogonality o f the coeffic ien ts  ^ ( q j.... . . . .  .....  ......... - „.. . -    ..... .v      -, - - -  - . .   ..... 
In  th is  sec tion  we make use o f the functions 
H^(s}|/Bg(s) given* respectively* by equations (2fll)*
' (2*12).* ; As we -require to  show th e ir  dependence on th e , : 
parameter q we sh a ll write
^1^ ^  . * . tb^Cs) « *
Let-.(I) . , q^ 'hoth he roots of the equation ■ , .
*2 Ctl~l) (whleh is  equiYalent to- the charaeterieiie 
equation (1*10). ) , or hoth ho roots of the. equation tr^ q j- i)
"■ ■ :{ ii)  ■ A^- # A^i he defined by
hi “ .r ra jf8 * O T = S T  ^ l i 5" * ^ ! 5" * u2 ^ i ;- l} * °»
A2i " “ ^ y § B 5 l H 3 ^ 7  U2(% 5-1), ^ (% 5 -x ) -  O,
and ( i i i )  .
-. -n *> t> - r(y)f(ef»g)r(ffl-g) «. ■
o ” * r  “ rt«T?fe;) r  (r+ rtr i * r  5 1 '"
ct * Pt y 0| *^ l.f **2$ •»**»*$
= 0 W % ^  %
ss ■ ^<|i t
; ' where v  • j  m l#f*
Siaoe# for. general Yalnes o f  and q^* ■ 
aCin-i) (r-5-r)£3r+1(<i1) -  [ r  (X+a5+s?fa(Y+d'^l)+v+e-iJ*e/%3L]Gj,{t1}
+ (r+oi-l) (r+/3-l)ar_1(q,1) a 0 *
•lO '
a ( iH - lX r + r )® ^ ^ )  “ (l+a)+r-|a{y+(5'-l)+y+e-ll+a,%2]Sr (ci2)
* (r+a-l) (r+/3-l)3r_1(a2) » 0 *
*»
i t  follows# on multiplying the f i r s t  of these by G^CqgjP '^" ?
k9
miL t b s  second ' b y  & :n d  s u b t r a c t i n g  t t a t
(!>+«} (s-ws)C^+1Ctt1)aI,Ca2) -  ~
2w#
lo t t in g  p -m s i n i p j  w©
n
J^ ssO _. «(» !)(»♦ ,•) I^ +1<Ill!0»(^ >' 0^ M 0a<Sl!i
<3.1)
r  -..g<‘|.
I  }7 {0l
“ [oa <g.2S-i5%<%}s+l)-%<t2i‘'15%<%sn+;l) ]  x
; .  x f  i jg C ^ i- i j^ C ^ i^ ^ C ti i-D O g C tiS b )  1 1  f ■
usiiig f2*iS)i
flicpofor© lotting m ^  w ®M losing ite aapsptdtl© 
expressions (2*15) asad tha aggmptotlo mzgmmim fop tbft 
0azza;ft^ ctloa fop Xnpge imtees of j* C^f*15i §13*6) w©
© M a t a /
TO
C p r ta + l)? U ^ v ta i
(3*2)
eg t 2 -» ^
. . . . . . . .  , . / . ,  . *
. . ' 'v;' / , ; > y ^ ' :  (3*3}
Hence, i f  ^2 are roots o f ' the equation tlg(qj~l) =* 0* -
m
Y j * Q i f  °*1 * «a
3pypQ -. ''''■•■ -'*■ '■ -■' -■' ■ * r ;
-m 11 ^ ** %> * r (3*4)
Sim ilarly i f  .f^# ere  roots o f . the equation * 0t
then we obtain ^ . v.v.;^ v.>-
m
r»0' rn i f  f^  * (3*5)
Therefore we have t i e  re su lts
<5$
* 0 l f  % *  «a
r»0
 ” j i
m" A ,^ ' i f  ^ 8  J ** I*2*
B*B* . For the ease-^  ** the theorem can a lte .a m tite lr .b e
proired %  l e t t i n g ' ^  %  i& (3*1) and then proceeding to  the 
l im it a t  n .■** *** .. ,
When a a ^ K i t  equation. (1*3) and.', q. la  one. o f tto ' .$•■■ + ' 1 'roo ts 
o f equation (l*10) .we are led  to the following theorem toe ■ 
to Bambe and Ward (Hof *4) # . ■
51
heorem .2
I t ro o ts  o f  e l a t i o n  (1*1§J a re
where ■' iy  # 1# i y  *
d istinc t#
myatgm** * * * * .# r  t
4f 0 ^ fdt (5*#»X|.**2 ^  # * * *. • * • * f # f
then
and
HtsQ
N+l
i » i
$3f • It* €[•£ *> _4g' *® I;
E m £
3?>i
I f  r  » a*r
Fro deeding- in  the same manner as in  theorem 1 we
eas ily  obtain
#;■
r i
r
« a (jr+x) (»+r> ,
(%i )%t (%o)**%
. kv
when <x2 ** % t the r ig h t hand, side of th is  equation approaches 
a d e fin ite  limit*, and so.-
IU1 I  " II
S3
- t e l  r=*0 S~0
E
Pp t r  t using theorem. 2,
. .52.
J[.
E  C^ C^ ifp; 1  = a(»+i)(»nr)t^+1 (q1 ) (^flx) -
”  % +X^l^SK ^ l ^ PKla  1/3 1*
i f  ie ,  a  r o o t  o f  ■ (1*10) |  th e n  88 ® all<i  we have
th e  r e s u l t
II ' a .^ ■■"
T  «  o i f  4 %
; £~J
2?SsO a **1 |  a '
■ £.-.; Ai  i f  %  55 %.**. .% * ;
Hence i f  JC^ « A|(I^{<||)P^2 f r  *s 0$ 11 * * * #, *W *
th e  m a tr ix  jK ^  j i s  o r th o g o n a l and we f in d  t h a t
tf+X v
^  w 0 v- * 4 ®
'1 * 1 :; « Pp  "’ i f  r  m e*
Corolla**? ’
:■ 1J+1 '
£  \  <3-9)
. 'm p l : .
Proof
-"C o n s id e r in g  th e  l e f t  hand s id e  o f  ( 5 * 9 )? t o  have.
1*1- ,\
: E  A“ — (^ » kIz) !- (^ s}t3 .*.
r«0
53
H *  • O ^ t h o s ^ o n a l ” e f i  o f  H e i u *  f u n o t ^  © u s  -
l e t  jg) aM IficC^^fs) -be d is tin c t Heim-fmctioas
Wttti tll0 0SS1S a? #» y$ tff f  but diffem it'acceeeos^r
t ,1. ae^ g~ sa tisfy ing  the eS iaraetsristie equation {1*10}# I f
«J» ' • . • ! &
0 is  th e ' I^ehhamen loop $ont&a& ®o$l 9 ^ im  - '
■ J.W^1Ci-0)^1Ci^f5C\  %<% » Or. ''■< / (3tio>
■ o  ■ ■ ' •  ^  ■ . - ■ ■ ■  &  " ■
^^ OQjs* V*
Suppose f i r s t  th a t Ee(y) > O* let#} ».0j l e t  S l e  the
s tra ig h t U se  sagmemt (0*1) and l e t
j  ^}c*w‘1; « A# (3#ll)
0  .
to using (2#3h) * Heuu1 a Croatian. -can he written as
**&$£$'** 0* (3*12)
Haltiplsriug both sides of {3«1X) %
■subtracting we eas ily  fin d  th a t
o^fap ** ^  m 'J s^^C l-’s )0 ^ ( l  aa*
(3 .13)
Sk
a# m*§ ihl 2
*»* £ &*&)
“  %(«U { s M fa .  fs)ll&
#S* <£*
3r ( i ~ z f i i ~ ^ y  [H«:(a, i s M ( c .  »s)«. . U. «*g" <vt '
. . . . .  ** 8w.($u, l*)KlftsL $s ) ] | q §
*fe . . $<£
£;lncw -is. TOgulajp at g •» 0*1 and Ee(?5>4^. .' *H
^Mslies aod,-
. J^ln !S& 0 ■# .. •
b3<0") > 0
iO&w*. SS&UJ.?
Bat slue® ajf + 0 and a 4 3L i t  follows
■■■■;.: V--- ■ - 4 r l  . "1,,‘
#fr- «** 'M*
t&ea * f of - the »aX$ri< 
o f iro find* msiag sim ilar arguments,
fatsoa. (KeiM5«$12#lt)j- th a t the
^(Oftetioas on y and d’ eaa 'bo removed# ; . Wliaii i - n i ^ s i  
(sasr) wo w i t o f msisig ■ (3*10) $; ■
;:; /  ' *y*1(i-8)^wl( i - | ) fitol| f t i { 0 8 ) I 2 4s -  flip .  {3.:
' kpX
@u m;Vfl «!*&§*L
% m  iofo*
o f  H e t m  ' P o l a m o s i a l s  i
►1
^02*0 *
S3
provided .-certain- re s tr ic tio n s  "are la id  upon:the pemlning'-: 
parameters* '. file method employed can be applied to mmy 
special, cases of lieun polynomials, and because of i t s ' " ' 
importance we sh a ll demonstrate I t s  use in  theorem k*
I t  has already been mentioned (Chapter 1) that, 
many of the special functions occurring''''in mathematical 
physics are special o r-lim iting  cases of Hem functions* , 
Some o f  these* fo r  example* Mathleu and Lame functions* 
appear as solutions to  many essen tia lly  two-parameter 
eigenvalue problems* and have associated with them certain" ' 
double orthogonality p roperties* '. We now consider a - 
corresponding double orthogonality property fo r the Bern- 
polynomials* where wo choose a(« **n) end t  variab le  . 
parameters* Obviously a cannot be varied a t  will* since 
equation (l*3a) must s t i l l  hold, and.therefore i f  a varies* ' 
a t  le a s t  one other parameter-must vary -a lso ,■ We choose'^ 
as; th is 'p aram eter;so ; th a t i f  m.»;:**»* fi « f * # *  a*2i**l -*. -V-, 
all.the.rem ain ing  parameters- being fixed* . 
theorem h . .. . v , . \ ;'
Let n2*Z^
Hern polynomials with the same y$ $ and e* but d iffe ren t . 
»n*%. *11 ^ ii’i ,erea^ a* fit lo t  0^,Cg be any -different
p a irs  of the contours.,Cq '®0*a# ^l*a 1 *ken.
°1 , C2 ■ x
= o i f  4 oi* 4 ®g
** ^  eC2 -  h z \ -  l f n l  = n2 -  K* ®1 “ ®2 “ “  *
where . i s  defined b y  .(3*34) and
■ I^Li c *  j  ^ ( l - s J ^ C l  -  | ) C" K ^ a S s l l 2 ^ .
O ' ; ' (:■'> I-' ■■:’■. )-.■ "’■-
(3*15)
3*
Proof
■tinder.the transformation ■?
y * e^ ?/ k ±  2z£ 1=£ . (3.16)
where ^  lo g |s  ^ (1-s) 2 (l** §) 2 j. *
Beum#e equation takes the form 
^ E s(^ l)C s-a )™ ] +-{a(z) + w « O , (3*X7)
where" .
&£n) » + t  ^ + (i| + *
I f  we w rite w in  the form
w * w(% * a x**, V
then i f  %  “ “ w (^  j, _ | t )  (3*18)
we find* , in  the usual maimer th a t is  a so lution of
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th e  p a r t i a l  d i f f e r e n t ia l  equation
- v :arar-, * . aw,
" « [ t( t^ l ) ( t~ & )« ^ ]  ** ^ts(s-i)(s~&)*?~»] +d tw*s" d . tJ ' W ' "  da
* A(t) «* A(s}]% V o " .;  1 ,'(3*19)
Similarly i^ f Wg » Wg(s#t) » ishKq  ^ #B It) (3*20)
g ' <s» s^* i*.
then Wg s a tis f ie s  a sim ilar equation* M ultiplication, hy
Wg| Wx respectively  and subtracting gives, on in teg ra ting ,
/ / ~ ^ 6 (s -X ) ( s -a ) - j~ ]  J *»
0_ C„1 2Jhm £**
Wrt '  ^ S : ' / dW.
•  (a2/32 - o^/Sp j  j  (t-s)®jW2 fisfit . (3*21)
; Cx  C2  , . . . . .  .-
Denoting the l e f t  hand side o f equation (3*21) by I ,  we 
have, :• on in tegrating  by p a rts , ; ■
awn ' aw,
H
%
On rew riting W^ t I n  te rns of Eenn polynomials and the 
function, f  we ■ see th a t since’ C^ *.. Cg are Fochhammer loop.' 
contours, then txhen' n^ 4 iXg?’ the in tegrated  parts  in  I
vanish#- flrns the rig h t hand side of (3*21) i s  Iden tica lly  
sore when n^ - 4 fo r  a l l  ja^, a^* ; , . :-., ,,
- We now w rite the in teg ra l on the r ig h t hand side 
o f (3*21}' as , '
C1 C2
* w(%2» v 's) ® 4 t *
But w(qa n Jt) *» en W L(qir.jn ! t)  and. therefore
■ C 1  ■ '  - l :
/  ®*( W 8)Bs (* ® g » V f ) c xa8
c„2
■** a sim ilar e g re ss io n  with &*t interchanged*
When n^ * tig* 4 tag,, then c learly  by theorem 3 we see th a t
f  a Oi When n » n 0 « ®2 « m say, then
1 * m Sft **■. 4r* ^
^ i  V  2 ° i
and the theorem is  proved*. :
■ - i t  has already-been mentioned th a t Lambe and Ward, 
by Imposing certa in  restriction®  on some o f the parameters
of Hexui, s equation, have shorn th a t $c i s  non-sero* For the
sake of .completeness we reproduce. the proof here*
We have* using a method analogous to  th a t o t
theorem 3*;;: : v -;v<;
J  |  f  -  O i f  ®a>®2
,  - •« . i*
ml m. l,f 2 i « * • **f n+1#'! 0 s?‘ "£rt - * On jaaltiplaring h r
from theorem 2
jdU- *l» . ^
th a t ■ .■ • ' ■"
V A (S . » >  ■ /  -
C ;,
tl
“  pr  E 6 e ( S « n )
■■■*'■-- ' ;: : s=o '■ c  ' '
and denoting the in teg ra l on the r ig h t hand side by ;/r(r+s) 
we hare , ^
<3.22)
■ © fO
I t  Am % s  0 then vanishes fo r
every r f so th a t the determinant. (s4-r)|f (s*r ^ 
vanishes* Writing m2 tostaad of in  (3*22), i t  i s  obvious
th a t $q also:vanishes* so- th a t
;0 f o r  every; r  and m<
s«0 ;:
Multiplying th is  la s t  e tm tio n  *br a^ ad summing oyer
m* i t .  follows from theorem 2 th a t #(a+i) » Q.for every s #t  
sa tisfy ing  the in eq u a lities  0 < e* . t  ^ n* ; Hence fo r  every s 
eaiiefy ing  0 < s < 2n f{&) vanishes* . But {Ref*2af §2*1*3)
**1
f in )  m J  a ^ ^ d - s j ^ d - f )  da
0
Iws^  ei r ^ n  (r^sA ^iy^ef+sja^1)2 1££
and provided none o f the quan tities
X*»y~s* l**<f|. jM'+e* e w b#l 0%t***ttt# are negative or seno 
in tegers then ^(s)*0 and so none of the nunfcers A J Q ran i she s.
: tn  order to oh ta in .’an expression fo r  we w rite
{3*15a} as :■ ■
- 3  5
V *  }  V da.
s=sO r*»o ;-' a . ■
wbere C «t.C0 ^}. tlxae
irfl n : r  ■ ’ . . . . ■ ■
*C J 68<«a,n)V % , t t )^ 1N’8+1-J .+
f»»0 S»0
' 3  • ■
' : +  V V 5 ^ 5 s ( % * n W 6 + t t f l )  :
S*G ' . . 1
which on using (5*22) gives
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% •  V o  I ;  * »„< V a )  £ » . ( V n >»<«»-i)
r *=0 . 0=sO . ‘ ^
I t  i s  to  he noted th a t i f  Be(y), Ee(f?}, fie(e) > 0 then the
FoeMiammer loop contours may he replaced by s tra ig h t lin e s  ,; 
Jo in ing  any o f the pairs  of points % m (0 ,l)fC l,a )f{ o ta)*
An important special ease of theorems 3*h i s ’ the 
ease In which a m - fn , fi »■ ffn+I) $• n  Being a non-negative
rnmpin teg er0 y  m $ ® e m f ,  and a » k , where k i s  the modulus ■
of the laeobian e l l ip t ic  function snz* • Hem’s equation now
i *takes the algebraic form of lamef a equation,
4. J»|3s 4. *JL»* 4 .i,..iil,.ir | in J  4 y *s 0 • (S.Eh)1
&s 2 2  ^  s-k -2i Ua(S- i ) ( Z-:t-2) y ’ u  ;
where- bkT2 *» n(n*X)q»
I f  we put
is « ®x?n 0 ' - ;^- i3*25)
we obtain the GaeoMan form of lame# s equation, namely
4* |h-n(n-fl)k2Bn2uJy * 0 (3. 26)
t o
I f  h i s  a root of' the equation analogous to equation (1#10), 
we obtain lame polynomials * m « 0, 1,****##
where H « ||m ]*
Obviously the loop contours o f theorems 3$h can be replaced 
by s tra ig h t l in e s , and under the transform ation (3*23) w© choose 
these to be the lin es  joining the points (»2K,2K) and' 
(K~2iI£%IC4-2ii:*) in  the complex U-plane. theorems 3 and h
w ell Imcnm re su lts ?
» 0$
sz
El-t SljM 2 2 sa u^ea v
» :0* tmless b^
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Chanter ij.
Heim Functions
. . I t  has already been mentioned (Chapter 2 section  B) 9
th a t homogeneous In teg ra l equations of the type (2*52) haw 
been studied by Erdllyi . and, by Xambe; and Ward#;'■ > In th i s ■ 
chapter we obtain new in te g ra l , equations fo r  Henan functions 
which are based on . those-' studied by Schmidt ■ (Ref*20) . and: " ; ;M[
Arecott-{Ref*21)*■ ;:fhese in teg ra l agnations are non-linear 
-and* when • the Hem. functions are : considered: as being '-solutions 
o f - , essen t!a lly  . two-parameter eigenvalue problems § ( the 
parameters being a and q) 9 provide a genuine reduction of .the 
problem to a one-parameter eigenwalue problem* '
A '•' fhe in tegral, equation
l.et (!)  w(s) be a solution o f  Beu»fs equation*
; (11)' H (S|S |t) be a solution of the p a r t ia l  
d if fe re n tia l e l a t i o n  
( t-s ):is (H) ♦ (&»3)Bt (H) + » o
where Mg is  the operator given by (2#3h)#w*H being 
analy tic  in  appropriate complex regions# " "' q
( i l l )  0^# C2 b e 'suitable" paths in  the complex
©t i  -  planes such th a t both' th e ' quantities
(h#2a)
° i
and
6k
dt h«2b)Crs2
*
vanish*
(hr) the function ■
W(z) » J  J  ( s - t)  ( e t ) ^ ^ | ( l- s )  (1**^ ) ( l~ j) l
C C
^ X B w(s)w(t)ds d t ■ ; (k*3)
exist* and i f  the in teg ra l is  singular l e t  i t  converge 
•uniformly with respect to %p when z $b9% l i e  in  appropriate 
regions*
Then W(s) i s  a solution o f  Bewn*s equation*
Proof :
Consider the in teg ra l 
W(z) m j  J  (8-t) (at)'*'"1! (1-s) ( l - t ) l ‘f“1| (X-f) (1-f) !e_1 X
^ ^ . x 'Hw(s)w(t}d& dt*
then IL(W) »
' 1 
« J  J  (at)7"1! (x-s) ( i - t ) )*~H ( i - |)  ( l - f )} "1w(s)w (t)(E- t) a 3(H)&at
CX °2
» /  j  ( s t)7*1|( x - s ) { x - t ) |^ 1I ( x - |) ( x - |) ! e’ 1w (6M t)
^X x {(s-t)Ms (ll)+ (s-z)^(H )ids d t, (k.U)
using (h*l)
Consider the in teg ra l
x
J  J  (X-|}(X-|)J w (s)w (t)ls (B)ds d t ,  :
'.h . :v V - -  ■ ■ ^
■which on mslng the feet th a t , j
becomes' . ’ ■’ !
a /  j  tY~1(X-t)c5V1{X-“ ) i7 (s )w (t)(z - t)^ lsy ( l- s f ( i-~ )  ^ 3  dt,
GX °2 (h.5) j
In tegrating  (h*5) with respect to  & by p a rts  gives
sf m
CL1
v ®i i - ;  . - ' v : - - ; - ; -
I f . C^-i® chosen so that- the integrated-'part vanishes then 
' ( k V 5 ) '  becomes • /  ; • ; ■; v
J j  ( s t / ' ^ x . ^ d - t ) /  1[ ( l - | ) ( l ^ ) j £ l ( S.t )H w (t )M s (w (S) ) d 3 clt, 
C, C„ (i*.6)•A* . . . ■ :
Sim ilarly i f  CL i s  such th a t . ;
[w(t) | |  -  H j  vanishes, then- , V .
C«
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(4*4) can be eetfftfctbensae
i a {w> •  j  I  (St ) y*1{ ( i - s ) ( i - t ) j cr~1{ a - f ) ( i - | ) ] c":L h x 
° 2
x'iC0**l)irCt)afil{wCs}) * ($*£}w(s)M£(w(i))$ds dt#
e-»X
I f  we w rite  Hem* s equation as
{ Mg ■** » 0 #
then on substitu ting  fo r 1 (0} tire hawe
m 'j  f  ( s t ) ^ 1* ( l - a )  ( i - t )  ) (x-g> (i~§> 1
°1 C2
x I {a-t)w(t)(Bs (w(s)} *  oAlw(s)} +
...■ :* (s-»«)w(8) $#gw(t)f ]ds d t » 0 *
since w{s)t w(t) are solutions" of i e m fs equation* Consequently 
W(s5 i s  a so lu tion  of Haimfs equation#
B* ' The solution of the, P a r tia l d if fe re n tia l equation
-Wo introduce new ra ria b le s  u* w* w hw the re la tio n s
» * i  1 1  . (4.7)
In te rn s  of these new variab les eo lation  (4*1) becomes* 
a f te r  tedious hut straightforward algebra
V2!!.+ (2y-l)(“  f |  ♦ |  M  * 1  g )  s  0 * (4.8)
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where
■o2 _ £ L  i a2 . a2
.'.-.au2 , dr - , dw2 _  ; :v
In  the special case y » | f (4*0) reduces to  la p laee fs equation
so th a t i t  ta .easy  to  w rite down■ su itab le  nuclei*.
■ We now ©alee the further.transform ation  to the variab les 
r* Q9 0 re la te d ;to  u f ir* w hy
w  * » r  c o s  d f  .... v . * »  r  s i n  d  s i n  0  *
(4*9)
w « r  s in  I cos 0 * 
tinder this'- transformation' (4#$) becomes
7 T  ♦ ^ T 1 H  + *“ § + I (4y-l)cot 0 -  (2y -l)tan  f  j g  1  +
or r . l*. dd ■ ■...... ....... ■
.. 2 '
2(2y^l)cot 20 Jjp » 0* (4*10)
Consequently* . in  ‘the case y » i  we obtain su itab le  nuclei 
fo r;(4*3 ): in  terms of spherical;harmonies in  r* d* 0* 
■ - A separated so lu tion  o f ' (4*10} ■
a *  B(r)G(#}K{0}* (4*11)
i s  obtained i f  '-and ^ 1" s a t i s f ie d :b y th e  d if fe re n tia l
equations^ : ' ' '
.2
I?-2' :~ j| 4»v(6y»l)r |g | KE 8r'0*' (4*12)
r 2sin2#
sin 2d
dr
~ |  * f (4y*l)cat d -  (2y~l)tan d| ™  + hG| ~  #G m 0 ,
J  (4 .13)
and- ■- ■ ; . . ■ - -
+ 2 (2 y l) c o t  2$ ®  + t&  a 0 (4.14)
d 0
6a
X* fi being sep a ra tio n  constants*
; A fundamental p a ir  of solutions' of (4*12) are
: : m-i : su ' * I
r  t  r  #
where are the roots# assumed d istinc t*  o f the
equation
■' t&2 * 2(3y*0L)m **'% « 0*
I f  we put § m' eos20 then (h*X3) takes the form
i K - H ? )  & 4  +  Cy**3 y f f )  | §  *  ^  ^  ^  8
( 4 * 1 5 )
I f  p s a t is f ie s  the equation .
-■ p 2  +  ( 2 y ~ l ) p  * *  »  0  f  ■
then • -
' ■ W(f) « (X -f)^  H g) " 
s a t is f ie s  the hypergeometrie equation
(u a s )
( 4 * 1 7 )
( 4 *  I S  5
( 4 . 1 9 >
£ C H ? )  *  l i r ( 3 y * 2 p ) £ l  f |  *  ( g  ♦  p  ■** 3 y p  * *  p  )  w  »  o*
^  : '■ v ' (4 . 20*
T h u s ,  ( i f 4 1 3 }  has the solutions
0 1
sin 2p# P 0 0 a
X ~ y X - 2 p ~ 2 y  fc
oos2# (4*21)
where
a* -h « ( 3 y + 2 p ~ l )  -  i  ( 3 v - P 2  +  X l  «. (4 .22)
and p i s  a roo t of (4.13). Sim ilarly (4.14) has the 
solutions"'
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P
where .. . .
■ a*'g..b*,. **
0 - ■>,„ m r, - - -
- ' . 0 ... - 0
..... .. *, " 2 . ' 'a T. . . cos #
- 1+y b*
j (Sy«l) + frf?
Z '  :v ': lk*2h)
The.-variablesr*. ## # a re g iv e n  by 
a
eoa^fl BtS.a(s*t+a-*l~aj *
. { g « a ) ( t * > a H 2 h a )  V  *
008 * * X t-a jtk a -a C s+ ti^ i-a T )1 *
Tims ty p ica l solutions of the equation fo r  the nucleus are
(h.25)
-
0., 1..' ■'. m . 0 1 ©3 *
rms ia 2% P ' ... 0 O ......ft'
l~2p~2y ' - b
COS $ - p- 0 0 a* 
l - y  l+y b*
’ " 2' c o s -0 *
' ; ' . . (4 . 26) 
The expression (4.26) gives a very wide range of nuclei
su itab le  fo r  in te g ra l equations fo r  solutions o f the Heun 
equation#..- ,;. - The nuclei can. be chosen, as combinations o f the 
various branches o f the ^-functions involved and may even be 
l in e a r  combinations summed over the separation constants X and 
/ i * W e  sh a ll demonstrate' the use of (JW2S) In constructing 
su itab le  nuclei fo r in teg ra l equations s a tis f ie d  by Hemi 
functions and Heun polynomials# . We s h a l l .take to  be a 
contour enclosing the points s. -  0,1 and 02 is  a sim ilar . 
contour enclosing 'the-points t  « 0*1# - Xn the -case of the
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lemv function. regu lar a t  the eim gutorttiee z  » 0*1 m  cheese
th a t tmeXeme ishich# i&m considered as a function of % i t
also ' regu lar a t  z  « :©#!* This eaa bo achieved by taking th a t
brameli of- the f i r s t  FHfanatlon in. (h*2&) which# m  a function
o f %$ i s  fogulaj* a t  the orig in  and belongs to  the exponent O ■
there# and th a t branch.of the second IMfumetlem# fthich as a
foaetion o f a i s  regular a t  a » 1 amd belongs to  tho exponent
O there* 0ueh a imelms ' i s  of the t o m
, sim2;%  t ^ { a #h |r |e o 0 2l)  -^ { a .^ b *  fyisim2# )* (fc*27) '
The eontoans C^# C^.isast he ohosm. so "that the s in g u la ritie s  
2'where ads & m % m  : m are excluded# i«o» where
' a(s4i^s~i*»a) w' st® of’ aero# (1u 2S)
Then with the nucleus (h*£7) the ^Integrated* pants#
(k«2a$h )$ vanish i f  C^# 0g are eaeh taken to  be the contour 
% fX* - in te g ra l {t§-#J} tlms represents a constant m ultiple 
(possibly sea?o) o f the f!mm funotion* If# however# le (y ) > O
and/or IsC#) b O# and the separation constants % and # are 
Chosen so th a t Se(y^a-b) > 0 an i Be(y*aM>#) > O# so th a t
the fcypergeometrle functions in  are regular a t
2. o  'cos d « sin**# » I f  then the -contours o f in teg ra tion  may be
deformed In to . simple loop contours or s tra ig h t limes#
In the ease o f lean  polynomials t tm nucleus# whan
eomsliered as a function o f a# must be f in i te  fo r  f in i te  values
of s and also  regular a t the origin# . Further# I f  3lu(u#s) i s
'& polynomial of degree n in  z* then the nucleus must he a 
polynomial of. degree n i n z i  I f  we again consider the nucleus. 
(4* 27} then ■ d t le a s t  one o f a tf' t> and a t  l e a s t " one of a * «, h * 
must he negatiire Integers*
■ %>** 2{3y*l)a + n2 V ’ n m 0*1*2******,   ' " '{4*29}
then
a « f
I f . . , ' - . .
i i  = 2(2y-4)s + e2 a a  0 ,1 ,2 , . . . . .*
then
~-5 an d > #'.» -  §  *2
and m. » n o r  ;*•■■ 2 (3y*i) m *} :: - .
1  ^and p *» ^  or
Hence: ; \ v' ' ; /•>■-* - ■ ' —
■ :.: 2( Wb*s. - ■ : ’■• ^ ■ s-n -■ a »   * .0 » •8^ e“ *• jgg  ^ • 4S* ■
02?
. a  B 2z= |iS  ’ ,
By tahing . : . .
u  «* n* p « J|* . a ® 9 : % m Jlmll
a n d  v - -  p . ;  ■ . " : - - : n . r ,
;■;■.■&*■.*# # .. ■ h * m *►■ §■ t
then i f  and . ^  are negative Integers*:'the'm cleiiSi
considered m  a function of z  is  f in i te  fo r f in i te  value a
nucleus fo r the Heun polynomial o f degree n in  z i f  & takes
Thus we see th a t fo r  one. type of Hem polynomial of degree n* 
there are (n+X) possible nuclei o f  the form I f
Ke(y) > 0* Re(S) > 0 then the contours. O^ * Cg mar. he replaced 
h r  the s tra ig h t lin e  In tervals  s u (0*1) and t  » (0*1) 
respectively* Obviously* ■ since the hypergeometrie functions 
In  (h#27) are now polynomials* the fu rth e r re s tr ic tio n s  
Be(f^a^b);» O' and EcCy^aM)*) > 0 do"not-apply* In the shove 
analysis we have taken C^ * to- he contours surrounding the'. 
points 0 | l | . t  «.0*X* or-with ce rta in  re s tr ic tio n s  .on the
' '  ' Ee(r) > 0 * ’le{#} > 0, Re<f) > 0* 
are applied -then %§..% mssr he taken to he any p a ir  of the 
s tra ig h t lin es  Joining the points (O*!)* (0*a)* (X*&) in  the
Of ■ the -above re s tr ic tio n s  are necessary* For Haua polynomials* j
he removed i f  C^* 0o are Pochhammer loop contemns surrounding
of a* and i s  "regular a t' % # 0 #  - I t  i s  therefore a su itab le
one of the values s *# 0*1*»«*«**&«' ; In fac t \m could choose a 
m elons which is. the sum (overe3} of nuclei of the fo ra  (h*27}«
parameters*' s tra ig h t lin e s  joining them* '' If* in  the case of 
Mean functions* the re s tr ic tio n s
complex s*t ~ planes* ' When G1 f are the same then-only two
the same comments apply* except th a t here the  re s tr ic tio n s  may
any o f the above p a irs  of points*
■..Once sore we obtain the corresponding in teg ra l 
equations* which are sa tis f ie d  by Lame polynomials* In 
the case o f Lamef s equation f  m f  and thus fo r the nucleus 
(£|.-f2?) we take
m. a . m * p « *8 * . a m
a m # V2 i -  « -5  f
and thus (h#2?) becomes a constant multiple* dependent on 
n and s* of the so lid  spherical harmonic . .
*2P*(eos $) f sin s £ V
&  1 C O S ,fi $ £h*37>
the choice of |  |  depending on the p a rity  of s and n* 
I f  in  (h*25) to put
o o p-& w sn a* s » on ^  * t  w m 'y  * a * k
we find  th a t ■
r 2  «  % 2  ( k 2 8n 2 a - k 2 em 2 ^ a n 2y ) :
2*COS d w
and
2 ,COS #  «
. . Wfr . _   v.
(k2sm2a~k2 cn2^-dn2y ) 1
It’ f o n  a sn £ sa y ** (!rsa  a - I rc a 7 * ia  y ) )
Obviously we may take C^* to  be the s tra ig h t 'l in e s  
joining s « (o*l)* t  « (0*a)* and.in the transformed . 
plane these are taken to be the segments
( l w 3 8 )
&#39)
(4*ho)
*. (h ih l)
7b
(-22,22) fo r 0
(2- 212% K+212*) fo r  r  «
Thus fo r  lame polynomials we obtain the In teg ra l equation
2IC E * 2 i K *
^ ( « )  * AJ  j  V ^ c o s  8 )ll*  | | ( e n 20-sn2y)lg(*)lg(y)a0V
-22 E-21K* ;■ g  (Mi-2}
f a r  a n y s  cn *
I t .  i s  important to  point out th a t in  the case of Lames equat- 
ion* the equation sa tis f ie d  by the nucleus i s  Laplace*e 
equation* and consequently i t  i s  a simple m atter to  write. ■ 
down su itab le  nuclei without'.appealing - to - the form ( 4 .26).
■ ■ Integral''equations o f the type (4 # 4 2 )  have been
discussed by Arscott . (Ref*18)#' . ■
C hanter.5 
! P h e  f a & a n s l o n s  o f*  L a m I  
L e g e n d r e  F i m c t i o n s  o f . t h e  s e c o n d  M M  <
In. t l i i s '-chapter a study Is  made.of the solutions' 
of'■ Lame*® 'd if fe re n tia l equation as se ries  of associated 
Legendre functions* fhe p a rticu la r  feature studied is  the 
representa tion  o f a second solution corresponding to the 
ease when the f i r s t  i s  a lame polynomial? i*e* the representa-
t
tio n  o f a lame function o f the second hind* ••,
■ I t  has 'been s ta ted  th a t a representation of rf{ u )#
a second solution of Xami*s actuation, associated w ith the
corresponding X m l poJjaomiai can toe ototained toy
taking the faiowu representation  of E^(u) as a f in i te  series.
o f associated Legendre polynomials L^(s)* (s » ami, en n ,' dim, ksi
Rsn^&ntt/k1# ikcnu/k1) and replacing each by th is
however i s  inco rrec t, as i s  i l lu s tra te d  by the ease n .» 0.
For i f  the atoore statement were tru e , F°(u) would toe
represented by a constant m ultiple o f
i+em *
' f
But we ea s ily  verify  th a t th is  does not s a t is fy  Lame1® 
agnation* Wa shall, show th a t in  f a c t  the second solution 
Is  represented By an in f in ite  se ries  o f Q^ *
When considering Lame functions of th e 'f i r s t  kind, 
B rdllyl (Ref*22) attacked the problem using the in te g r a l '
* p
a g n a t i o n s  f o r  L a m e  p o l y n o m i a l ®  g i v e n  b y  W h i t t a k e r . a n d -  W a t s o n  U
( R e f * 1 5 )  $ L o a t h e  a n d  l a r d  ( R e f  * 4 ) ,*  i n e e  ( R e f * 2 3 )  a n d  o t h e r s *  ' \\
, . . . . . .  . ■ ,  ^ - . •- ' I ;
I n  t h e  e a s e  o f  L a m e  f u n c t i o n s  o f  t h e  s e c o n d  k i n d *  w e  !;|
a p p r o a c h ,  t h e  p r o b l e m  f r o m  t h e  p o i n t  o f  . v i e w  o f  t h e  i n t e g r a l  U
 ^■ I !
r e l a t i o n s  t o r ; L a m e  f u n c t i o n s  o f  t h e  s e c o n d  k i n d  g i v e n  b y  
A r s c o t t  ( R e f  * 1 8 }  a n d  t h e -  s u b s e g u e a i  u n p u b l i s h e d  w o r k  o f  |-
K r * R * S * f s y l 0 r *
L a  § B  w e  g i v e  s o m e  p r e l i m i n a r y ,  f o r m u l a e  r e l a t i n g  jj;
t o  t h e  a s s o c i a t e d  L e g e n d r e  f u n c t i o n s *  § § C * 3 >  d e a l  w i t h . t h e  
v a r i o u s  t y p e s  o f  s o l u t i o n s  o f  L a m e  * s  e q u a t i o n .  I n  s e r i e s -  o f  
a s s o c i a t e d  L e g e n d r e  f u n c t i o n s * ,  a n d  t h e  c o n v e r g e n c e  p r o p e r t i e s  
o f  t h e s e  s e r i e s *  I n  § 1  w e  d i s c u s s  t h e  c a s e  o f  t h e  s e c o n d
$ jp'
s o l u t i o n  o f  L a m e 1 ® e q u a t i o n  w h e n  t h e  f i r s t  i s  a  L a m e  
p o l y n o m i a l *  a n d  a l s o  d e d u c e  s o m e  r e l a t i o n s  w h i c h  e x i s t
b e t w e e n  t h e  v a r i o u s  s e r i e s  r e p r e s e n t i n g  t h e  s a m e  L a m e  f u n c t i o n ,  ..
. ■ H
notation". .
■ L a i t i l f e  e q u a t i o n  in  i t s  d a e e b i a h  f o r m  i s
2 . . . l}
L ( y )  »  *■ I h  -  r ( t N * l } k 2 s a S u ] y  *  0  * ( 5 * 1 )
; du ■ ■ ■
.where aim V  sn(u*k)*. ■ tie adopt the convention-that when v \
i s  an integer* we w rite a  fo r v and moreover specify p > -*4 j
■•■ 1
. s o  t h a t  a  ^  0 # .
A  L a m l  p o l y n o m i a l  o f  d e g r e e  a  i s  a  s o l u t i o n  o f  j|
( 5 * 1 )  w h i c h  i s  a  p o l y n o m i a l  I n  s i r u *  p o s s i b l y :  m u l t i p l i e d  f
b y  o n e  o r  m o r e  o f  t h e  f u n c t i o n s  e i m *  c m ,  d n a *  f l i e r s  a r e  . !
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tlms eight types of such polpiomialsi usually  demoted by
the symbol B^(u) # t a t  here we use an extended notation
due to  A rseott (Bef*X9) in  which we p refix  the l e t t e r  I. "by
the le t te r s  u fs fefd#setSd|OdfSodj According; as the
2functions consist of a polynomial in  an u m ultiplied by 
u n ity | 01m# cm#' ****** cam enn dm  respectively* -/In the 
sp A o l l£ (u ) the su f f ix  n in d icates the degree o f the
polynomial and the upper index s i s  specified as the number 
o f neros in  the in te rv a l 0 < % < &*' fhe second solution ■ 
of (5*1) i s  defined as th a t solution which is  of the form 
■m@u m fu  dm% V(sm}» . 
where r
©o
V(snu) *  Y  al>(Bira)~n"1~'°"ff'~r"21'
/ / ..I
y«Q
and p*hr* r  « O' or 1»' V flie second solution* i*e* a base 
function of the second hind*' corresponding to  a p a rticu la r 
la s !  polynomial K?(u) i s  denoted by F®(u)*" ■4>* il»
For. b rev ity  we adopt the notation  s » snu,
0ha earned « ton* fo r  the daeobian e l l ip t ic  functions* 
which unless otherwise s ta ted  have modulus k* We now 
tu rn  to some re su lts  re ta ined  regarding associated Legendre 
functions* .We adopt Hob son1 s d e fin itio n  of the associated 
Legendre functions ( ird l ly i  uses F erre rs1' defin ition ) and
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w rits
’ rfCs) a £ i g ~  „ #  « :(sa*-x)*m ( 5
, . ; ■ . dZ
Whew®
'Pp.. **
Qt>.. * r s,- M  r 2}, j
; 4j*
the faantitsr m heiag a  moii^megatiTe integer# -Farther* we ■• 
ia troaass  a  aoOifiea fo ra 'Q ^ .g iv en  toy SehSfte (8ef»2t|. & 5«6M 5)‘ 
o f t&o associated Xegesire faaotieas* fh io  i s  defined Tjjr '
{ - l ) s  r(tH-BM-l) a  .qP » ■".: ( 5 .3 )  I
a .Jtothea^ propejpty, hetag ;
* tiwa* 4 4 ^ see t* tr *#. I'y • , (3.4)
(1) leenrrenee fom nlae« ,■% if wwwjm     rrtHwwimrmiyiTHi »»w.iwwitfi<ff|iiiitff»p
Using'the recnrre&ee forml&e fo r  the associated 
legen&re frac tio n s ' (ie£*2at §3*6(1}$($% we hare
. ss §p «• (a^*4.}~a(imfi+X). . #: ■'•' {5*5)
v ( s ~ l )  v ^
(where *..» ^ 5 f : v
V r  aazCs2- ! ) * 4^  «* (v+m+l) ^ + 1 -  (y-m+l )  Q ^ \  ' ( 5 . 6 )
***2 (m-2) (p^ju+l) (p^iut2) ^I?
Prom Reft 2a,§3*3.l{2))
Q ^U ) » S U / .
(5.7)
(5.8)
D if f e r e n t i a l  eg
8^(&) s a t i s f i e s  th e  d i f f e r e n t i a l  e q u a tio n
2
1^0 . . . {l^S )
0 * 9 )
A d d i t i o n  F orm ila
F ro m  (le f* 1 5 *  $ 1 5 * 7 0  we Im m  
r(^i)5^ |st**(E ^«4)^(ts^l}% os wj
ss P (p + l)  Qy (3)P y ( t )+ 2  ^ r ( t H * s + l )  ^ ( a J P ^ C t J e o s  rar, ( 5 ,1 0 )
m«l
where
SHH-1 jf t* lt**l
T^O||5
"The a sy m p to tic  r e p r e s e n ta t io n  o f  Q . f o r  la rg e
p o s i t iv e '. in t e g e r  v a lu e s  o f  m $ +*-j * i - is
( 5 J 1 )
w h ere ; th e  u p p e r  o r  low er s ig n 'h a s  t o  ‘b e  t o k e n  according 
1ms 1.0.
e .sh a ll  now g iv e  a  l i s t  o f  t h e  i n t e g r a l  r e l a t i o n s
i
we s h a l l  employ# lam e po lynom ials s a t i s f y  i n t e g r a l
equations of which the <me given is  typical:
2K ' : , , .
nS®(a) » %e I  P2n(ksna sjy3)aB^(/3)d,3.  (5,12)
:-2K
A complete' I I s i  o f  such in teg ra l equations lias, ’been given by "'
♦A rseott (Bef*18} * lame functions of t i e  second Bind cornea-*
■ #ponding to t i e  lams polynomials can be represented by In teg ra ls  
' moh m
t^ (& )  « \  -J  Q ^(tena (5.^13)
• X - ■
v a lid  fo r  a l l  $ except where Bef^} «* (2p+l)£f".p integral*
-fhes© in teg ra ls  have been in i t i a l ly  worked out by Arecott : 
-{Bef# 18)| and a complete l i s t  of nuclei fo r functions of. 
different species were calculated by Taylor In  some tapublisked 
work* - (The author wishes to  express Ms sincere thanks to  
irtB#S*Taylor fo r  permission to  use these resu lts)*  ■ We have*' 
w riting
S a* ksna m 0$ . C « en£* D « |hr to& dn£*\-' .
. Type. ■ . Wuelens lim its, of .Integration "
1 : «2n(8). ■ ■: K , X +.,.**■.
2 Q2n(C) 0 » K + IK * , (5 .1 h )
3 " '® 2 a ^ .  ' 0 * E "
il . :  ^ W s J  : X * K + W  »
5 6Fi a+l W  S Q|n+1(C ) 0  * K + IK * , (5 .1 5 )
%rr)B Mmits of in tegrationi*~i'‘iiiriiinTiinrriTTfriwftiinTii(wrrTirrT>yTrirr mui iiii'i'iiin>ttmiiirnnilirrwrp>ntiiii 1 hi m
6 s ®|n+l D) 0 , X f
7 C Q2n+1 - s) l , K , i  k
fi c4 m l (a) ®2n+l ^ 0 „ K + 1 K
9 0 Q2n+1 D) 0 , K ,
10 33 ®2n+l S) K » K + IK*
11 4 * 2 - .,(a)1m 1 JmW D Q2n+1 0) 0, K + IK*
12 ^2zH-1 d) 0, K ,
13 C ®2n+2 s) K , K + IE*
Vi soF|a+2(a) S Q2n+2 0) 0 , E + IS*
15 sc ®2n+2 D) 0 |  K t
IS D Q2zi+2 s) K , K + IK*
17 sdI?2n+2 (a) SD ^ 2 n +2 (a) 0 t  K * IK*
IS S «2a+2 D) 0 , K *
19 CD Q2n+2 S) ■ - K * & * IE*
20 cdE2 n + 2 ^ D ®2n+2 C) 0 |  K *$* IS*
21 0 ®2a+2 D) 0 » K •
22 CD 0 |n+3 s) : K # K * IK*
23 scdP2n+3 (ct) SD Q2n+3 c) 0 » X * IK*
2k 80 Q2n+3 D) "  -0 't 'K *
(5,16)
(5,17)
(5 , 18)
(5.19)
(5, 20)
(5 . 21)
C Solutions in  Series and Convergence Properties
In tli© following analysis i t  w ill La shown th a t
3 2
tame*a equation has solutions of the form
CO ■ *
^m py W  (5*22)
ffiss 0
and 1
2 ??
7  ^ aYm * (5«23)l-*2*«i*w a#
Jttal
, ., (a » e,c#dffc9fd A fiiX e/k*)# (5*23a)
Here, A i s  a constant dependent on R only, ( i f  z .** sun 
then A a k ) , and Y * T* depend on h, k and- v.nr m
I f  we w rite
“ ]  r(v-n+l3 = T*: : ] r R f e a 7 *  (5*2it)XmIS
then we oh ta in , apart from a few minor sign changes due 
to  the d iffe ren t d e fin itio n  of I3? , the expansions given 
hy  Ir&elyl (Ref*22)#; : the ease o f in teg ra l y*. (yssn) # we
sh a ll understand by X r(ii~m*l) the lim iting  value of 
f(y~m+l) as y n, and sim ilarly  fo r  2^ r(n-m ^l)«
i 'w ......... I f  we substitu te  (5*22) in to  (5*1) the re la tio n
\   ^ Y j  ('r-na+R) ( y m * l)5 ^ Jr2( s )  «* (a~bmS )Q y (s) *
Bss0 • ■ i + (y - ia + l) (v -m + 2 )^ " 2 ( s ) i  ■ 0  ( 5 .2 5 )
i s  obtained, which has to  he sa tis f ie d  Id en tica lly  in  %*
Here-a, b are constants"depending on h, k and y b u t
independent of sa and z* In p a rtic u la r  i f  & » snu, then
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■ a ,» hf !* ; b » —2 »
. 1 - i r . :
Equation (5§25) may be w ritten  as
- ©3 'Y : . ■ “
5g(») -  Y \(a--bm2) ^ ( z )  +
m~2 . . ' -. ±--'■ 'IRS
m
■ SB?* **2 :
In 'th e  f i r s t  two terms {m » ~2*.«*l) of the la s t  simulation, 
we use (5*8) and w i te  the Mast equation as ■
/_, (y+m)(y+m_1)Qy ^Z^ 6'a_2 Vo-2 “  ^ - 2  Yn “ yra Yn+2* ~ 0 » <5.26);
®~0
where
v ; ** ■ v**5*) (wn-M ,
n -h,2 -
^ - 2  W  ' F ^ h s P W  * m ? / 1
a> - \ *5 --
• “1  : ■ V
c~2 ■.**. ; *:£*■ -•■ -■ ■ em ® 1 * ® > 3-* . . (5#26a)
In  ..order,that (3*26) b e .id en tica lly  sa tis f ie d  I n '2# the 
g a rn e t  M tia *  the recurrence re la tio n s
e®*2 \~ 2  ~ Sm-2 \  * 7m Ym+2 a 0 * 52 *' 0,1,2,. . . . .  .(5.2?)
How the re la tio n s  (5*27) with even and odd m form independent 
sets* $fcas":for even subscripts we get
e2m-2 Y2m-2 “ im ~ 2  J 2 a  *  v 2m  Y2a+2 * ra “ 0,1'2***’*(|.28) 
vJhile Son. odidi /6ubocAxf>^ we h a v e
2^'>n —• ( Yz'm-l “  &zm-i Vz-m+i z^-m-H Vzm+Zj 'yy| = 2.- * (S*2ga)
From (5*27) we formally w rite  down the continued Fraction
« j«“ ir &U *****......... . . . . * . .  (5*29)
: Xm~2 . V*2 V  *m+2*
fills  continued frac tio n  is  convergent unless b i s  re a l and 
—2 < b < 2ft (Eef*15# §20)^- and fu rth e r
* 2 ^  J* (5*30)
in  (5*30) we must ta h e ,.in  general,- the branch of (b^*h)2 
which gives the smaller modulus, b ^  ©ay, in  |*|b *
In p a r t ic u la r , :i f  b i s  re a l (b2 > h)* then the sign opposite 
to that; of b must be talceiu
S tarting  with YQ the re la tio n s  (5*28) define the 
y2a(m>0) tiniqtiely and as m - •  i f  the expression
derived from (5*29) fo r Y2A 0 is  equal to the value of th is  
quotient as given by the f i r s t  equation of (5*28)* Hence 
we have the condition
. $ o * t t*  *rV #•*#***-##*♦ « O , (5*31)
<% *2 %
which i s  a transcendental equation fo r h* S im ilarly, fo r 
the system (3*28a) the condition is
s- i  * 5jj* S jr  3 § ? . . . . . . . . . . .  = 0 , (5. 32)
By substitu ting  (5*23)’in t o ’(5*1) we find th a t the Y  ^
sa tis fy  recurrence re la tio n s  sim ilar to those for the y„ 
except tha t i s  replaced t>y 8 ^ ,  where
I#
S tre s s in g  (5*22) in  terms of\hvpergeometrie functions w# 
get £Bof *2a#§3*3*2 ; (15) ) ' : ' '
00 Xm
2y(a) •  \  \  r fe+j$. [ f i r ]  * -
m
T(m«* v
m»0
«* A 4* B \  j  |
where the tipper or lower sign has to  he- taken according as 
■S^ s f  Olearlsr the series  A i s  convergent i f  ,
11m
H~*w
(m~y*l} £m-y~2 ) (s+l) F(~p# tH'l jhh-1 |~vr*)T^TT
(bhI )  £ s ~ l  ) P (-n> * tn-11 m~l |  )
< I
which# on using (5*11) i s  equivalent to
11m
i  * e * f.
xm £*1
V
<?Q*
< 1
S-*l
S im ila r ly  B i s  convergent fo r
s~l t?0 ■*
fhua the series  (5*22) is convergent .in th a t 
complex- s-plane which l i e s  outside both the "
C2 * * » »
of the
On
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C ^ . r  I b - s -jJ  : ** *■ ■ e o a , C „ . . i  (a + g j^ ) , *  .i*
where o : --
1 + 2 lfl3n
JjJ SO ■mm III linn ■ 2? s  * 1
' X 1 -  2 b Q 2 r 0 -  1
Sim ilar re su lts  are obtained .for (5#25) *v- 1
I f  la  (5+22) we w rite -la  terms o f we obtain the
: , v  r 1 ' . V - v  . .
^  ■ * £ j  ' r(w-W’i ) " !* '■... C5«3^ )
m»o
where the recurrence formulae fo r the are easily  obtained   ■ ■ • . ■ , .
Yia |5#3) and"(5#5) ^  ;fhese new recurrence formulae
remain true  I f  Q Is  replaced W  £#/ |ef#Ref*:2a*§3*S) and: so
another so lution w ill  be
, , v P^(s) V  ,y(u) p A -8*.-------f—  ». . (§*35)
■ -
or*- -using (5#4} '
. . .  5g- 1 ,
v • ' / ,  J
farther^- (5*2h) shows th a t {§*3h) and (5*35) may be w ritten  
as ■
m
y(u) s T j j j H I 1 r(v-a+ l) Qy(s)»
ta=0 -
67
y(u) a ^  xa ( - l ) n r(v-a+ l) p®(z) v
which apart from the fac to r (~1)H, toe to our d iffe ren t ,■■■■■; 
d e fin itio n  of ^  and are the series  considered h ; r . .
Srdelyi* Similar statements can be made about (5*23)*,-
A ll  the alx>ire analysis Is yalM i f  t  Is  mot .to : j
integer^ in  the ease o f in teg ra l r* certa in  d if f ic u lt ie s  j 
a r is e  in  connection with (5«£&) aid (5*23)# ease-',
w ill be d ea lt with In d e ta il  l a t e r » - j!
: ■ . r - ' '■ ' ' ■' '■ !
:Wf ■' Solutions In Series of Q^Cs) and Q^(ks) ■ :
In  th is  section  we formally shew how certain '.
%m® functions of the second hind may be expanded in. se rie s  ! 
b f (v ** 2m Or 2m*l)* from m e ' re su lts . ■
obtained we suggest tha t there e x is t sim ilar se rie s  -valid. j 
fo r  non-lategral p* Series in  terns o f ^ ( b )  where s 
takes any one of the remaining arguments giwen by (5*2^a) are 6 
deduced- in  a Similar mimer* ■
; from the f i r s t  in teg ra l re la tio n  in  {§*1W wer ■
•al'laC'a) » %B f  p{2n+l)?2a(l£smsn-?)-uB|a (T3air, (5.37) 
K
aubstitution. of ($#10) with w «* t/s*  z «* ksmi* t  # mwf -: ■ 
w & 2n in  (5*37) leads* formally* to .th e  expressionV-^g.
Jfcr+fi*
u I2 n ^  “ Xs J fr(2n+ l) Q2n(l£sn-a) f 2n(smr) +
+ Z \  r ( 2 i w * m + i ) ^ < k 8 a a ) p ^ i s i B r | f *
Qa futtixiil ' - E+iK‘
^Sa"** 2\  r (2n+a+l)(-1  J®/2 j  F”m(snir) uS |a (t)air*:
2n
t
M tew €0 m 2, ^  « I* « & 1 , we see th a t t i i ^ u )  can he 
formally expanded In  M ...aeries ,0f the form
m
n .
B ^ r  d i f f e r e n t i a t i n g  ( 5 * 1 ® )  w i t h  ! r e  s p e n t  t o  v  a n d  p i t t i n g  
0 s* tesi%
In teg ra l .re la tion ' In  (3*15) th a t' sB ^  can he
!s* m?$- i? cj.jgn+1  ^ w  i
m :i '{5k, Sia  eSf,
a 'se rie s j of the fo ra
CO
/  Bl -ta JLjm> ~2n+l(^snu) *
m=sl
fa) -  ®  , »* a C ^ ,  (ks )» (5*39)
By the oame i^gamonis 'w© find  that' i f  1b • (5*10) we p i t
:* S « mm$\t '** tesrir* '■
■ th en ; the expansion©
(ism)* ' ................... • (5*40)
..•m
& m.«* c s  £ Bi i a ^ i (silu)* ■ e^w .)
I»«l _ . . ,
also' represent formally certa in  LamS fane t i  one of the
mcoa Bs  a  (lEsau),
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obtain a f te r  some sim plification
CO
m
^  ||v (v+ l)(2 -k*2) «  2h •* m2(2-k*2) %  *■
m .
+ Y  Am-t-a['6* » 0 ,
© 3 s  * * 2  ' ■ ■ ’ ■ ■ ■ ■ .
In the f i r s t  two terms o f the  l a s t  summation we use (5*8) and 
w rite  the la s t  equation In the form
GO
Y  [ s * 2  Ara-2 *  Sw 2  \  ~ ?» ^ + 2] ^ ® )  £w®-l)§5 » <V
" “6 ,, ' ( 5 M )  I
where em_2* <?m_2> t a at*® of the for® £S»26a) and a and b
take the forms ;'
; 0 ■ s m. . -#—2
■ ** £y(p ti) * * 3
respectiw el^v (5*M) Is  " a re la tio n  o f the form (3*26) and ' . 
hence fo r  the coeffic ien ts we obtain the recurrence re la tions 
(3*27} with m Ta *
From the re s u lts  of § C i t  follows th a t a so lu tion  of the fo ra
06 m0$
iA2 i, ^ ( f e s )  03? £ a 2i?+1 
" f®0
e x is ts  i f  ii s a tis f ie s  the transcendental equation (5-31)
or (5*32) respectively* the  coeffic ien ts 0f  these expansions 
aro glTem l)j the recurrence formulae (3*28) and (5*28a) 
respectively* Proceeding in  the same manner with (5*43)| 
■(5*44)* (5*4§)' we find these series  s a t i s f r  i$ A )  with ■
» t m$ 19 Bt « together with
■■■.& :\w :^ -4|r(iM*l) *h]/jte|S *
■ « ' 1 p m f   n j *
A jw c /
5fh0 values- o f  h in' each o f these expansions sa tis fy  the 
appropriate transcendental equation*
Other se rie s  which suggest themselves from the
w h e r e .
b = 2 ( 2 = ^ )  ,
' °o m\  * a \*  M v + 1 )  - ~ i  ,  t> = -  2 ( g= p )  t
'''?' IS \  1C «r
t , A  "■v® '  a f  ^  ”  » :; j j  »  2 ^ = § ~ ^  ;
I -. 2
]D^ sk # a;- -J& 2u(v*Kl) ''| •;,:. % '* V 2 ' |  . ■ . - .
3&" ............. > 3iC /
■■«>. IL- 0: a - ■«;■'•: 4h ^-'2r(r*l}: j b |  .*£* - ill ’ '
1 -a 4h » {2 -** 4tea ) |
' ':■ ^  » ^  0 a * iit 2 p(mX) ' ' 0 ■;' i * (l|ha A  2) * I ' ’
m. B p i r n % )  * *  4h ■ f  ' ' V #  <2-^’i|ka ) ■'■■' V  '
fhe convergence properties of the above series can he easily  
deduced from the re su lts  of |  C* and since thear can be east 
in to"the  form o f (5*34)*,.which* fo r  general non~integral
of v has already been discussed fcgr Br&elyi (Bef*22)* 
we shall' mot consider them further#-, hut ra th e r  mnm n t r a ie  
on the ■ important -special ease where w i s  a noi^negattve
i
1 *  ' l a m e  .. f u n e t i o n s  o f  i n t e g r a l  o M e r
: In. th is  section, we consider even values of m# • 
w riting U « £r * and when v i s  an Integer we take i t  to he :' 
even also# The eases where m Of v or both are odd can he 
trea ted  in  exactly the same wav* We have from (3*24)
where the
&v(p*l)x
(5.5G)
2r+2)S2r,+2 = 0
J? B 2 * 3 * . , *  (5.57)
fhe' d if f io u ltv  which arlsi 
(» 2n $av)|. f(r**2r*X)
1
i)
2* > n*l
slid*  However# i t  i s  p rec ise ly  . 
fo r  these values of m tha t 'the coeffic ien ts  3 ^  and the
polynomial agnation In  
s# fo r  these values o f h# 
when considered as a frac tio n  of v$ vanishes a t
a se t o f these 3C~ which have
h with
V'
few a<
V- ss 2n,
only simple sere a t p m .2% suppose th a t
m%2m-% a ^ e r o . e f . ^ P { > l } ' :and ® m t0
; 4 'P I' them i f  we' su b stitu te  in  
' ;{S*57)|'-ditids"through h r **■ 2a' am&'Xeh :t* -we‘obtain. the
re su lt ■** 0 which 'is  ■ fa lse* ' ■ Hence' e ith e r P or % or hoth '■ 
mist he m i t^ * : -^Suppose P ^ I ' thea' s-ahstitutioB' in  (5*57) 
shows th a t X ^ g ’ hasm simple nero 'a t  r  ■»-2a* ! /Eeaee h r -  
repeated'" argameht f: the ■ re sa lt  i s  proved* ’ : I f ' ho t h : P and' f . ape-:- 
im ltr  re p ro v e ' th a t ' a l l  -the %2l? (n>n+l)'-hare on lr simple seros 
’■&%■: v  ** 2n*/ v:; fims fo r  r  $ ih*1, x ^  m y he w l t te i i  as 
■ » (v~2n)x2^ \ and since P ~ 2m i s  independent cf the; '
35^ sa tis fy  the same recurrence re la tio n s  as do. the exoe^
when p ~ n+1* which provides, the .hetween thern  ^ namely
v { ^ S a ^ ljx ^  -  * ^2aHK5)(tH'to+4)'3^3^  *»' 0 *.
as p #* 2n we g e t ' ■ '■'v'''-.;-h '7 ,' .
'  0* C5#58>
from Ch*53) i t  might appear th a t e ith e r xJJ^g 03? -*2»h eaxi ■'
he chosen a iM ira rily * ' the' o ther one and, suheetnemt ^ 2 r
heing determined, uniquely* “ Baia 'however, i s  not tru e  and we " 
now show how the,X*L may he h e a t■ evaluated■ !&■ terms, of the: <s*x ■ ■ . . . - , .
X^* ' ..'ionsider ,(5*5SJ| ■ this.may he w ritten  as* {Eef*2a*ll*2*3)
'■' **%i* ^  ’ 'v  ’ -  ■ ' ■ ' " '
fMMgMWBfeE&WeMtfnMMMMfiMtoPiMpMBAWfttiV'1 SSpt *P<*6(WdHS5CGai^ 5#Blfl|WlBlkiBSwlti8iS666-. *■
.. r{2r^i#)sinr;r  :; r(t^2r+i)jf. . 
and fo r r  p n+% :
"  «•!* (2n+2r+l) 11a ,v-i 2n r(2 r-y )a in  vtt
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(i»-2a.)Xc
fhiu oo
<5*6^  j
|  *Is;, a solution o f  Israels equation* However the domains of 
convergence given In  f  0 hare to he supplemented W  the fu rth er 
condition | b ) » 1 *  (5*3&) e t e a  th a t .
la ** .' «2a?...
y{u) «* \
r(2rt+2r+l) r  (2n-2i>+l)
Is  a lso  -& solution of lamefs equation and represents a certain... 
iam4,;poipiomialf. ■ In  .the .ease of transcendental 1mm functions 
o f order 2n*-{i#.e#. nom^temiimttmg se rie s  solutions o f 2*am4*s/ , 
.eo lation  fo r  In tegral, p} $ \ _
** 9 & % 51
d ^ '.+  ,0 \ ■ ¥ > &* , ,
Here. (5*5&) Is- invalid  fo r ■ r  **• 2n* hut i f  rm m ultiply lo th
sides fcgr?v. and l e t . . 2 a « .  then;
“ v p2i? ••* * . -e- gg .* y :. .: - .. v  = - '■■■•-■lim *^ T?!w^ !!TTT *^>*5v-»Ea..
#2#
** f'(2j^2nT * 
{using (5*W and heace(c£» 5.3+))
i s  e transeeixdental lame function of order 2a* tThe . 
s a tis fy  the re la tio n s  0*57) although the eonsiste&cey 
oauditions must he modified sligh tly*
We have- seen th a t each of the twelve-types o f ■ 
'solutions* ( 5 M ) *  ( 5 M )  ■«* (5#55)* give r ia e ^ o
two d is t in c t  se ts  of solu tions according as to  whether m ; 
i s  even o r odd* For emmpl# .(5*h2) provides the p a ir 'o f
so lu tions
, ’*» so
, ; y{u) » \  A
f  t
r=o r=0
which we sh a ll denote by (5*42)„ and (5*42) reepeetirely*
. . .  v O '
l e t  he a se rie s  of descending powers of ??* •
C^i « S|.o or d)# of the form.
©*■
1* _  \  a ' «50**3.«*2S
B I s *
Oorrespondiag. to a given in tegral; value of u there are in  - 
general 2 r * 1 lamias functions of. the second kind correspond­
ing to as many d iffe ren t values o f hf also  there a re  e ig h t 
d iffe ren t types of these .functions* each one corresponding . 
to  one o f the eight types of lam! polynomial* When v i s  ;
ieven ire have lame functions of the second kind and o f the - - 
f i r s t  species of the form and of the th ird  species of the
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forms cd Vnm2* ^n-2 or 80 ^n~2* ^or values of v 
we have Lame functions of the' second Mud of the.second
species of the • forms s V n* c V * ,  d V _» and of then -l n~l . n-1
fourth species of the form scd ^rir.y  expected from the
in teg ra l relations* each type of lame function of the second 
kind may he-represented in  s ix  d ifferen t ways hy an- in f in ite  
se ries  of Q,f1* Consider for example (5*h2L> i t  i s  of theV1 Q
form i f  n i s  even and is  of the form sd n i f  n is  odd* n n-2
Correspondingly (5»k2)Q i s  of the form sd V 2 n oven 
and is  of the form d V ^ i f  n i s  .odd# The .same reasoning 
can "be applied to  the remaining eleven types, and thus we 
obtain the following table of representations of lame functions 
of the second kind.
(5 .42), .'(5.43),' (5.42),, (5 .43), (5 .44), (5.43)0
(5.48)e (5.50)e (5.48)0 (5.51 )Q (5-49>0 (5.50)o
(5.52) (5 .54),' ;(5*52), (5 .55), (5.52)e (5 .54),
T-vre eg
(5.42)0 (5 .45), _■ (5.44)0 (5.43 )0 (5 .42), (5 .45),
(5 .48)e _(5.50), (5 .49), (5 .51), (5 .48), (5 .51),
(5 .53 ), (5 .54), (5 .52), (5 .55), (5 .53), .(5 .55),
S2Ee_£S: $H2S_ic8P
(5 .44 ), (5.45)e (5 .44), (5 .45),
(5 .49 ), (5 .50), (5.49),- (5 .51),
<5.53)0 (5 .54), (5 .53), (5 .55), (5. 6 l)
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' ' ■ ' f ‘ ;
th e  corresponding Lame polynomials are  obtained from (5# 3 6 )  ■ ■■' 
and (5# 6 1 ) * '  Sm$ each Lame function of the second hind can 
be 'irepreseaied'fey s ix " iii i ln ite  aeries' o f Q ^s)|: ■ '
(n «r-' t nespectively* -'lit eaCh-of the six  cases#
■;. ‘k # ' k f ' V\,--
Consides? (5#h2)esnd {5#Uj)e l 'they ;are
respectively* ■ ■ ; 'In  th e ir  common domain; o f " coxarergonce they 
both, rep resen t'so lu tions o f the fo ra  even) and of the■4«fc
fo ra  a (n  odd) # 1'. ■ The corresponding yaXues'Of a . and h v
d iffer-on ly  in  sign ! and'hence y : are the  . Same in  both oases - 
while- the d iffe r .o n ly  in .s ig n ,i f  m 4 1* being 
e ssen tia lly  d iffe ren t in  both eases#) . Hence under the 
transformation- (3#56) we obtain the' same consistency condition 
terminating' continued, f ra c tio n ) . in  both'eases#, giwing the 
;easae walnes of h* - Since {Bef*15| I  there is  no Taine''
o f h fo r which (5*1) is  s a tis f ie d  by two Lame polynomials o f h; 
'd iffe ren t specie$# then c lea rly  the same applies., to  the 
corresponding tame'functions- o f the second' hind* ’' thus with, 
the same ch a rac te ris tic  value o f h in  X5*42)e and (5#h3)e we 
Cbtaiii| Vapart f&om.' a constant' m u ltip lie r $. the Same ta rn  
function, of the second hind#' lienee’ " :
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CO CO
)  A2r (i8) “ x )  4 r  <s)’ (5*62)feL—/
r=0 r»=0
where X is  a constant*
From (5*27) i t  i s  obvious th a t, (the recurrence 
re la tio n s  fo r  A2v Agr d iffering  only in  the sign of
^®~2^# we A2r “  ^2r# (3#62) becomes
00 00
£  A2r Qjr (ks) = X ) (-1)* A2r Q2r (8). (5.63)
r==0 r=0
There is  no corresponding re la tio n  between (5*42)Q and 
(5*43)0» since from (5*61) they c learly  represent functions 
of d iffe ren t types* By sim ilar arguments to the above we 
obtain the following re la tio n s
CO o o
} ®2r n^** ^  83 ^ ^  (~ l)r  02r  (5*64)
r=0 .. • r=o
fo r uF® (n even) or cF® (n odd).
CO OO
£ c 2r (d) -  X £  ( - l ) r C2r Q2p ( | r ) .  (5.65)
' r «=0 r«0
fo r uF® (n even) or dF® (n odd).I* XI i
I  F  ®2r p <i s )  *  x f  V  <“l)P  b2t r  ®nr  <s )* <5.66)
immmi Gmmmm* .
r=l r» l
fo r  cdF® (n even) or scdF® (n odd)*
1 0 0
©» CO -
r>~» -  \—» «. Z T '.
I  H2r r 5nr (c ) “  X I  ^  (_1)r H2r r (5 .67)
2^ =1 1^ =1 
fo r sdF® (n even) or scdP® (n odd)*
CO o o
^  1j 2^r r  ^  ** *  ^  -^:L r^ D2r r ®nr (5*68)
r=l n l^
eg* O '
fo r scFa (n even) or scdF® (n odd)*
Irdd ly i (Hef*22) has shown tha t the same 
re la tio n s  hold for corresponding Lame polynomials# and are 
obtained, in  our notation, by simply replacing Q^ r  in  
equations (5*63) (5*63) by
4 ± ^ S - i
fTn^F*T7H n*~2r+i ) 
and le ttin g  r  range from 0 or 1 to  [^it] •
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In tro d u c tio n  •
In the following appendices we give a “b rie f 
review of two majjor contributions to the theory of Heun’s 
equation which have not "been discussed in  the main “body of 
th is  thesis#
Appendix A deals with the. work of Erddlyl 
(Refs*7,8) and Svartholm (Ref*6) on the expansions of the j
solutions of Eeun’s equation in  series  of hypergeometric 
functions# Svartholm*s paper is  concerned with solutions in  
terms of hyper geometric or Jacobi polynomials, w hilst 
Erdelyi (Ref*7) solves the Heim equation in  terms of series
of ce rta in  types of hypergeometric functions# - In reference I
I(8) Erdelyi generalizes the re su lts  of “both the aforementioned j
papers and shows tha t a l l  solutions in  terms of hypergeometric j
functions must, apart from transformations of the Beun 
equation or of the hypergeometric functions in  question, he 
se rie s  e ith e r of the type given hy Svartholm or of the type
dealt with in  h is e a r l ie r  paper* Since reference (8)
incorporates a l l  the re su lts  of references (6,7) we shall 
give a b r ie f  review of th is  work and only mention the other 
papers when required*
In appendix B we review the important work of
j ;
Heun (Ref*l,§h) on the re la tio n s  between solutions of Heun’s j.
|5
equation whichecorrespond to  the Gaussian “re la tio n s  between j
-■(contiguous functions1* associated with the hypergeometric 
functions. . . ,
Truesdell (Ref#2 6 )  h a s  shown tha t a l l  the special 
functions of mathematical physics which are special or 
lim iting  eases of the hypergeometric fuixbtion can he studied 
in  terms of the functional equation
= F (a+ l,x ) , (1)
the properties of the solutions of which# provide a unified  
theory fo r  all-.'the above special functions* - Since equation
( l )  i s  a kind of contiguous relation# perhaps a f ru i t fu l  lin e  
of fu ture research towards a corresponding un ifica tion  of the 
properties of functions which are special or lim itin g  cases 
of Heun’s equation may he via the contiguous re la tio n s  
■obtained in  Heun’s paper*
For ease o f reference* when a formula is  quoted . 
from any of the above mentioned papers* we sh a ll place the 
reference number of ’ the' paper concerned to the l e f t  of the 
page in  double brackets* ■ .
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A Review of the Wovk of Erdelyi (Kef,8)
Erdelyifs paper contains ten  paragraphs, of which 
the f i r s t  two give a "brief introduction to the re su lts  
established in  the main part of the paper, and also the 
d e fin itio n  of a Heun function#
In 5 3> Erdelyi supposes a solution of Heun*a 
equation, in  terms of hypergeometric functions whose 
exponents at the s in g u la ritie s  z « 0, 1 are made to 
coincide with those of Heun9s equation, to he of the form
( (3*1)) .  P «
where
( ( 3 . 2 ) ) m
oo
) Cm Pn *is m
m=o
o a oo
P< 0 0 h+m
1 my X«~cf
z
( 2 )
(3)
and where
((3*3)) «  y+<F-l ® a+^-e. # (4)
The main problem is  thus to  determine su itab le values of 
A, fj. fo r  which (2) s a tis f ie s  Heunfs equation* In reference
(7), Erdelyi considers to  he of the form
000 1
p |  ® 0 a zV
fi*»ia l-<f $i-
which i s  merely a lin ea r transformation of (3) fo r  ce rta in
(5)
10k
values of X, w hilst Svartholm, using our notation, takes 
?m to he the hypergeometric function
gP^-m* m-3.+y«KT | y j a) # (6)
Erdelyi, § k» then takes the s ix  sign ifican t branches 
of (3) to he
Pm -  2FI (X*m> ’ z) »
p2 _  z1-y ^(i-y+x+m,1-y+M-m} 2-y; 3) »
*£ “  <f J i-* )  *
** +^ +m> 2~S; 1 -s ) ,
p5 „  , -V »  2px(x*m.l-y-X+*|- l +X-M+2m; J )  ,
pm = Z” M+m 2PX^"mil^ ^ - m5 f )  »
( (4 .1 ) )  ( 7 )
and assumes
( (4 . 2 )) Pm>  ^  l y *  , (8)
where the [XI^ J are independent o f m, hut may depend on 
a ,$ , e,X,^* He then shows th a t (8) s a tis f ie s  the
d iffe re n tia l equation
I S  + (*  * ^ )  is® ] + (^ )(M -» )P ffi -  0 , ( 9 )
1  az((4.3)) 3(z-l)
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and the . functional equation
dF ;
e z ( a ~ l )  *  I  o c / 5 ( a - q ) - ( X + m )  ( / z ~ m )  ( z - a )  j  P m  * *  .
((^ }) ' -  V l ^ l  + V m  * W r i  * f10)
where
K i , ) (m+a-u-l ) (m+v-u-1) (m-u )
Tb (2a+X-^ [“l ) (2m+X-ji-2) *
L f f i  a s  Q. ( X + m ) ( / a ~ m )  * *  q o g S  ♦
+  - ( a t a - a  )  ( m + S - u  )  ( m + y - M )  (m+%)
*  g f r y . t X ). (
( (hm5)\ m „  . ' (rx)■kk7*?J) m m u x ;
In the la s tp s r t  of § k» .Erdelyi deduces from the re su lts  of 
Watson (Eef*27) tha t fo r  large In teger values of
P5
i i
((4 .6 )) lim *~^ -U  =*    ?  ^“ i Re(l -  ^ ) > 0 » (12)
m->oo +(l*‘ g)
5where- i f  Pm i s  not a multiple of - y  '
p , . i + ( i -  - )^  . j
((4 .7 ))  1 1 ® # ^ = -----------S-r , - E e ( l - | )  . > 0 . (13)
l - ( l - i )£&
In 5 5, Erdelyi su b stitu tes  (2) Into Heun#s equation, 
and by making use of the equations (9)* (10) shows th a t the 
condition
((5 .2))" *ml p- i  0 t Ok)
must hold and tha t the jCmj sa tis fy  the system of recurrence
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relations
((5 .3 )) LoCo * MoCl  “  0 * (15)
« 5^ ) )  V b- 1 * W » c»+1 -  0 *  ) • (I®)
Here (14) together with (4) determines the admissible values 
of X, n and also the admissible branches of P • ' § 6 dealslii
with the convergence of (2) and Erdelyi shows tha t i f  q is
a rb itra ry  diverges unless ?m is  a. multiple of ,
in  which case i t  is convergent outside the e llip se  which has 
fo c i a t z a  0,1 and passes through the point z ® a. Outside
th is  e llip se  ) c mp5 is  convergent and represents a solution
La
of the Heun equation tb a t belongs to  the exponent X at 
in fin ity*  I f  q s a tis f ie s  the ch arac te ris tic  equation
( (6. 3 )) t r   5 f 7 ^ _ .  -  o , "  (17)
(2) is  convergent inside the above e llip se , with the possible 
exception of. the lin e  joining the fo c i: \  represents
in  th is  domain the general solution of the Heun equation* In
5th is  case \ G is  convergent in  the whole s-plane cut 
/ /
along the line- joining z «  0,1, with the possible exception
r~' 5of the cut itse lf*  In th is  cut \ cy?^ represents the
Heun function which a rises  from the coincidence of the branch 
regular a t z «  a and the branch belonging to  the exponent X
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a t infinity*
$7 returns to  the discussion of ' (14 ).-and' Erdelyi 
shows th a t i f  ’.
((7 .1 )) X ** a 9 p, »  p -  e , (18)
or i f
((7 .2 ))  X = /3, n ~ a - e .  (19)
then (14) vanishes fo r a l l  branches of P , iden tica lly  in
IB
z. Erdelyi ca lls  the se ries  a ris in g  from any of the above 
two.admissible values of X, m* series  of type .1* I f  q is  
not a root of (17) then with X »  a , ~ e » the branch
belonging to the exponent a a t in f in ity  w ill be represented 
by a series  of Type I , and since a su itable lin e a r  trans­
formation brings any s ingu la rity  to in f in ity , . Erdelyi 
concludes th a t every solution of the Heun equation can be 
represented by a se rie s  of type I* In fa c t, the series 
suggested by (5) are of type I* He then goes on to  show th a t
i f  q s a tis f ie s  (17) then every Heun function can be represented 
by series  of type I  convergent in  the whole 2-plane cut along 
a s tra ig h t lin e  or c ircu la r arc joining the two s in g u la ritie s  
z  » o ,l  of the Heun equation*
In S 8 Erdelyi shows th a t i f  
((8 ,1 )) X « y + -  1 t ^ ® 0 j
((8.2)} X s  y i jU =* <f — 1 1
((8 .3 )) X = S , n = y -  1 j
((8 .4 )) X »  1 , * i = y + ( f - 2 ,  (20)
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6then th ree  branches o f Pm > one a t which is  always ,
coincide and fo r these branches (Xh) vanishes* The other
three branches, of which one is  always » also coincide ■
but here (lh ) does not vanish* The series a ris ing  from these
values of X jx are called  se rie s  of type II* Since P^ is
5not a multiple of , there can be no series of type I I  inSI
the general case* I f  q s a t is f ie s  (17) and we choose
6X «  y ♦ § -  1, /* «  0 then c lea rly  P^ Is a polynomial of
Z
6CmPm ie  convergent inside
the above mentioned e llip se  and represents the. Heun function
which is  regular a t z *■* 0*1* Sim ilarly, in  the other three
cases (20) there is only one se rie s  of type I I  in  each case
representing a Heun function belonging respectively to the
p a irs  ef exponents 0* 1~# ; 1-^ * 0; and 1-y , l~<f a t 2 = 0*1*
By a linear...transformation I t  follows th a t every Heun function,
but no other solution of the Heun equation, can be represented
by a se ries  of type II# In each of the four cases (20), ?m
is  e ith e r a Jacob! polynomial or can be expressed in  terms of
a Jacobi polynomial# In fa c t the series used by Svartholm
are of type I I ,  and in  p a rticu la r  i t  i s  easy to see tha t (6)
6i s  a constant multiple of Pm with X » y + < f - l , / i « 0 *
§ 9 i s  devoted to a short discussion on the 
advantages and disadvantages of series cf type I and II* In 
the case at Hem functions, Erdelyi points o u t 'th a t 'a  se ries
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of  type I Is  superior to the corresponding series of type I I  
in  th a t i t s  domain of convergence is  more extensive, and in  
th a t unlike type I I  i t  is  capable of representing.the general 
solution.of Heun#s equation* . -The chief advantage of series 
of type I I  i s  tha t they are se ries  of orthogonal functions , 
and .-this property i s  useful when .we-.wish .-to normalise Heun ■ 
functions* ■ Erdelyi considers,. a s .an example, the Heun 
function regular a t z «  0, l j  . i t s  ...expansion in  a se ries  
of type I I  is  of the form
({9*1)5 y «  ) &m 2*1 (•‘■a* Y+f+ta-liy | z ) t (21)
■ • JLj . - ' ,
©r a lte rn a tiv e ly , using the Biemaimlan scheme of the Heun 
equation
((9*3)) y ;« (a~s)1~c 2FX^ ~m* Y+f+i**} Y* z )* (22)
On using the orthogonal property of Jacobi polynomials,
Erdelyi shows tha t 
1
y2 ds =/ s'o
<90
(fa  i n  \  ( - i ) ffls r(y )i2r ( ^ +®} m  V W  # v
((9 4 )) -  ^  (y^';2S-rjr(^7im-i)r(y+ia) * (23)
E3=sO
The recurrence re la tions (15), (16) determine the A ,^ B^, 
while j  \  -  \ Z M a1*6 in  conjunction with (23) determines
<£__/ £-~j
the numerical values fo r the normalised Heun function* The 
transcendental equation fo r q connected with the expansions 
(21), (22) are the same, so tha t the ra tio s  of the and
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the ratios of* the are found from the same continuedm
fraction* ' ; ,
  In .the final paragraph, $ 10, Erdelyi points out
that there is a relation between series of type I and 
type II representing the same Hem function# As an example, 
he considers. the Heun function regular at z =* 0 , 1 , and ■ , 
for sim plicity  .takes the case .where Re(y) > 0, Re(^) » 0* . ■
If the Heun function is F(&), (Huic^s) in our notation) 
then (Ref.5)
lf**l
((10.1)) F(z) = M l  -|) J ty“1(l-t)<r‘’1P(a-et-l,j3-e+l;y;^) x
o x P(t)dt. (2k)
Using (2*1) and "performing "the Integration he -gets
« . )  -  x ' d - j ) * -1 p - D «
„ m
x  ( ~ )  F(a~e+m+l,^~e+m+l$y+{?*2m| -r), ( 2 5 )a a
which is in fact an expansion of type 1, and further the 
coefficients of (25) are multiples cf the coefficients of 
( 21 ).
I l l
ADDendix B
Th© re la tions between Bern functions which correspond to  
tM-.famst,an_!!geAaiiona_Mtwee,a g,<m!feig«0'»a^ ,l>ypergeoinetetc
He£.  (  X , § k )
Instead of the d iffe re n tia l equation sa tis f ie d  by 
the Heun functions* Heun considers the more general equation
((5 )) (1).
2
z2( z - l ) 2(z ~ a )^ 2(h )^ r | * &(s^l)(2;~a}F1(h * 2 )^  * PQ(h*4)y «  0*
ds
where FQ* and F^ are ra tio n a l functione-of z,  the degree - 
of which i s  indicated by the expressions in  the brackets.
The ch arac te ris tic  exponents a t each of the four branch 
points are denoted by H i  * an^ tihe solutions of ( l )  
are represented in  the' Riemanaian scheme ■
, 0 . 1  a m
H i  H z  X13 Hk z
'22
so th a t
23
k
H k
( 2 )
(3)
In th is  general case Heun represents the branch points by 
§1 $ gg,  Sz* aHd Sj  ^ instead of 0, 1, 8* and oo* Heun w rites
f{%) z(z~l)(s«»a) * (h)
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end so when h «  0, Heun’s equation becomes, 
( ( 6 ) )  (Hz ) ) 2 £ §  + ^r(z)P1 (2 )  g  t- Po (4 )y  =  0 (5)
The ch arac te ris tic  exponents a t each of the branch points of 
(5) are denoted by X^» X ^ and so the solutions of (5) can 
he represented by the scheme
no tha t
0 1 a / eo
*11 h .2 *13 h h
*21 >22 *23 %2k
k
33 2 - ^ (h i  + X21>
z (6)
(7)
Heun then w rites the scheme of the differences of the 
exponents as
Xn"?'l l  ’ \ 2~X12 ' b.3”X13 '
[ Xq*« “"X^ i t<SLL *&£ <£<& dd _ . djf _ dl\. fiX|. (a)
where the differences are whole numbers* Denoting the 
difference in  the iTH v e r tic a l column of (8) which is  .less 
than the other by a non-negative in teger by # Heun shows
( ACTA MATH XI p*105 ) th a t -
^1 ^2 3 dy
y = z (z - l)  (z-a) Jp0(h-B)y0 ♦ f s 1 (h-B-2) J > (9)
where y* yQ represent solutions of ( l )  and (5) respectively  
and where
m 2(2-1) (z-a) * (1 0 )
113
The degrees of the ra tio n a l functions y and p are denoted
by the brackets provided* I t  i s  important to not© th a t 
since pQ and are ra tio n a l functions of z
' ■ h *»' b '
) (IX)h ~ I) ~ 2 
Heun then makes the 'sub stitu tio n  -
**1 SZ s3
y *= z (z - l)  (s-a) w
and by making use of the id en tity  
0 1 a
(1 2 )
CO
■s xn
X21
*12
X22
*13 Xlh
« 7 ) ) X P <
'23
0
0
'2k
zh i  (z „ x  ) h 2 (j5_a ^ 13
i
o
a
0
CO
3
xi h + f i i  
X22~X12 X23“h 3  X2h+ f h i
Z (13 )
shows th a t w must sa tis fy  an equation of the form
2
((5a)) ^2Gp(h) + $r0^(h+2) + ®0(h+h) w « 0 •
dz
By u s in g  (9 )  i t  i s  easy  to  see  t h a t  w may be w r i t te n  in  
th e  form dy .
w *» * ^ ( h - B - 2 )  jg*
Heun then b r ie f ly  shows th a t there are 2(2h~B)+S conditions 
fo r determining as many parameters* We shall# however, 
give the reasoning behind th is  conclusion in  more detail*
(14)
(15)
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D ifferen tiating  (15) with respect to z we get
w' «  p^y0 + (p0 ♦ f ,v1 ♦ $p£)j' ♦ ^Pxy" #
and therefore
t " ‘ = t e ^ a  * ^ po + ^ 'pi  + * ^2pxyo
Eliminating y" between th is  equation and (5) then
t* ‘‘ 888 t o '  -  PxF0)y0 + ^(p0^ #PX )yo * (l6 )
Writing
P « F  ■ SSB f _*1 o 1
and '
po + ^ 'pi  + “ pi Fi  = f 2 *
i t  is  not d if f ic u lt  to see th a t both f^ and f^  are ra tio n a l 
functions of degree h -  D + 2* Using the sim plification  
of (17) in  (16) we hare
fw'  = f xy0 + V^2yo *
A fu rth e r d iffe ren tia tio n  gives
fw" ** t£y0 * * f t gy" -  t'w '»
which on using (5) and (13) gives
^ rV  = ( ^ • f ' f 1- f 2Po)y() ♦ 1
Writing
f t ' -  f t x -  t ^ Q m gx
f x + f f $2 ~ f 2^ l  “  g2 (!9)
i t  i s  easy to  see th a t g^f g2 are ra tiona l functions of
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z and of degree h ** D + 4 and h -  £ + 2 respectively .
Thus «
^  w" = gxy0 + . (20)
Substitu ting  (15), (18) and (20) into (12+) we find th a t 
(G2g1+ai f 1+S0P0)y0 ♦ G2s2+Gi r 2+G0pl^ y0 = 0
and w riting
V l  ♦ ° lf l  + V o  “  Ho ’
°2g2 * f 2°l * V l  “  % ’
where HQ and are ra tio n a l functions of z and of degree 
2h •  D + 4 and 2h -  £ + 2 respectively . Thus
HQ(2h -  D + l+)y0 ♦ fB^XZa. -  D + 2)y£ »  0 . (22)
I f  equation (5) is  considered as being irreducib le , then
we must have:-
((A)) E0 = 1^ = 0 , (23)
. Hem then argues th a t since BQ* must vanish 
id en tica lly  in .2# there are 2(2h -  D) ♦ 8 conditions fo r 
determining the various parameters. I f  these 2(2h -  £) + 8  
equations a r e . independent of each other# then 'they  are 
su ffic ien t for the determination of as many unknown q u an tities . 
This is  in  fa c t the case when not wholly p a rtic u la r  conditions 
are imposed between the branch exponents of the function yQ . 
Heun then discusses the following cases* F irs tly  he regards 
as unknowns
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( i )  2(h-L)~l coeffic ien ts  of the pQ end ,
( i i )  ' 2h ♦ 8 coeffic ien ts  in  the functions GQ and
( i i i )  the h roots of the equation G2(h) = 0 , 
which can he known as a consequence of the individual 
parameters of the equation (lit)*
In order th a t th is  number of unknowns is  equal to 
the number of equations in  question, the conditions must 
become
. 5h ~ 21) + 7 = kh -  2 D * 8 ,
that., i s
h «  1 *
Secondly Heun considers
( i )  2(h -  d) -  1 coeffic ien ts  in  the functions pQ * ;
( i i )  the 8 coeffic ien ts  in  the functions F0 , ;
( i i i )  2h «* 1 coeffic ien ts  in  the functions G *  Go l
which are not determined by the exponents )s^. (p = 1,2 ; 
i  = 1 ,2 ,3 ,4 ).
The number of unknowns is  thus equal to  the number
of equations which come from (23) and whose value depends on 
h* These equations are generally independent from each other* 
Lastly Heun considers the case where h =• 0, then
E  ( H i  * h ±> = E  ^  * *2 i) “ 2 * (2k)
i~ i
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• , ( i )  -  2B -  1 coeffic ien ts in the functions
P0 and px ;
( i i )  8 coeffic ien ts  in  the functions BQ and G^  ;
( i i i )  the accessory parameter in  the function ¥Q .
-  2X> + 8 unknowns can he determined by as many equations 
which are generally independent from one another.
As an example, Heun i l lu s tra te s  the method in  the
special case of reduction from Hu(a*q# j a,$,y-*\L#<?+l $ z)  to
Hu(a,q; a#$,y,«f| z)  and i t s  derivative# In th is  case 
$x *» -1# $2 ** 0 and so D »  **2# Also since
h «  0, p0 is  of degree two while is  merely a constant#
Heun therefore puts
w = 0 Hu(q,a) + f  H u'(q,z) # (25)
where
2$ 03 P0 ♦ Px25 + Pg2 * P0# Px> Pg determined#
He then supposes w to  s a tis fy  an equation of the form
z (2-1) ijr ^M| ♦ z ( z - l ) 0 + &■ w ss Q (26)
ds
and from the equations
((8 )) Fx (z)  = (1-Xxx‘'>'21 )(2“1)(z~a ) + ( 1->l2 ~ X22)z (z~a ) *
♦ (1-XL3-X^3)z(z-1) ,
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((9 )) FQ(z) = -[^^(z-liCz-aJ+X^gZtz-aJ+X^^zCz-l)]2 ♦
' . * )2(z-a)2+X1222(s-.a)2+>^y52(z - l )2 -
-  [ ^ l1 (2 - l) ( z -a )+ X L2z(z-a)*t*>s13Z#(z -* l)]F i(2 )  +
...3 3
♦ [7 ^ *  £ '^ 3 ^ 2 - 9 )
i=4 ■ 1=1
he finds th a t
$ »  (y-1) (z-1) (z-a )*•(<£—!  )z(z-a)+(a+/3-y-(S'-1 )z (z-1 )
r  » ■ - -  (2z-l) Q * a/Sz(z-l)(z-q*) * (27)
The function yrt «  Eu(a,q; a >0,y9S} z) s a tis f ie s  the equationo d |
((12)) z (z - l) (z -a )  ♦ [ (a+fi+l)z -  ja+/?+ay ♦(a-1 )cf-i-l}z +
dz
♦ ay] + a/S(2-«i)y0 « 0
which Heun w rites as
where
d y  dya > ^  —2. + jy  gg. 0 , (28)
d z  d z  °
oX 83 ay- {a+$+ey+(a-1 )<?+! j z+(a +j3+l )s #
w .« a/3(z-q) *
Equations (23) then become
[ <r-z (z-1 )£]$ +z(s -1 ) [ # • ] - z (z-1 )[ tyw) # + £ d -x )£ ] «  0 ,
(e -x )^ +2y^# + (d-x)(##fX ).#[^#'~X#~S3+(2 -a )r  «  0 •
These equations must he id en tica lly  zero 'for a l l  z, and thus 
hy equating the coeffic ien ts  to  zero, Heun, a f te r  much ""' 
sim plification  and heavy algebra, finds tha t
1X9
Pc ** 0, a* -p2 = y * 'S ~ a ~ p 
( (c))  g » *
((d)) #>.-■ a ♦ in ^ -gg .)I.La„"L>yta£? .
I f  -we'write Ku(a,q; : «£/3,y,<f j z ) *  Eu(q5 2 ) then the
reduction equation ta k e s :the form
m Ku(a,q#| cc,#,y+l,<f +1; z)=*(a+j!3-y-<f)Hu(q;z)+(z-a)Hu(q; z) ,
where' am- Is a constant# '•■ I f  s «  0, then the shove - 
equation shows th a t ’ ' :
m (a ♦ jB «* y -  S) -  ,-
and thus f in a lly  '
[y (a^ -y -“(f)"K%^q]lfu(a,q#| a#$,y+l,<f+lf z) «=
as y(a*^~y~<f)Hu(qj z)+y(z~a)llu#(q; z) •
The values of ,q and q 1 from ((c))* ((d )) are put in  th is  
relation* . Moreover, the condition a * 1 1 ©  to  he 
considered a necessary; one* Only in  the special ease .
q s= 1, (f ss 0, does a «  l  • The re la tio n  above then gives
the.w ell known Gaussian re la tio n  between hypergeometric rows, 
namely
(y-a)(y~/3) 2^1 («*£;, y*l 5 z) «
~ y ( y - a ^ )  ^  (a,/3j y; z )-a /2 (z -l)2FX(<x+l,0+l5 y+l; z) ♦
Heun then mentions th a t the above example is  
su ffic ie n t to Ju stify  the assumption tha t the equations (23) 
©re generally independent of each other* From the re su lts
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obtained from the conditions (23), Heun concludes with the 
following propositions
I f  the function Hu(a#q 'j  a #, * y #, z)  can
be expressed by the function Hu(a,qj a,^,y,<f| z)  aud i t s  
f i r s t  derivative, i t  i s  not su ffic ien t th a t the differences 
(a '~ a , y'-y, S ' S )  be whole numbers, but the.
ch a rac te ris tic  parameters q and q#, must be calculated 
functions of a, <x,up9 y,and <?• On the other hand, i f  
the Biemannlan function whose d iffe re n tia l equation is  of 
the form
2
(a—p )(z-1 )(z-a)z —§ + ^  + Q2(5)y = 0
dz
is  su ffic ie n t, then i t  can be generally expressed ra tio n a lly  
by the function Hu(a,q; a »j39y 9£; z)  and i t s  f i r s t  derivative, 
provided the individual parameter p which must not coincide 
with a branch point, i s  su itably  determined# The 
ch a rac te ris tic  parameter q can thus be a rb itra r ily  adopted*
A second order Biemannian function with four 
branch points and any a rb itra ry  number of individual 
parameters, can be ra tio n a lly  expressed in  terms of the 
function Ku(a,q; a,£,y,<f; z)  and i t s  f i r s t  derivative! in  
which case q is  determined*
I f  equations are proposed fo r the functions 
investigated  here, and which correspond to the Gaussian 
re la tio n s  between contiguous functions then one individual
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parameter must be given to a t le a s t two of the same, and 
the value of the parameter cannot he a rb itra r ily  adopted. 
Otherwise the exponents of the branch points must suffice  
to determine the conditions* Thus these functions can be 
determined in tr in s ic a lly  from the-hypergeometry*. This 
discrepancy can be expressed a s :-
■ All second order Riemannian functions with three 
branch points can be expressed by the hypergeometric 
function y\  a)* Functions of the same order with
four branch points can be expressed by the function 
:Hu(a,qj a z)  and i t s  f i r s t  derivative.
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(1)
(2 ,a)
( 2 , to) 
(2 ,c )
(3)
( h )  '
(5)
(6)
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